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REVIEW

Translation: (7,f)(t) = f(t —a), a€R.
Modulation: (M,f)(t) = > f(¢), beR.

(Regular or Lattice) Gabor (Gah-bor) System:

g(gaaa b) = {MbnTakg}k,nEZ - {e2m'bntg(t - ak)}k,nGZ-

Analysis map: C,f = {(f, MbnTakg>}k

,nEZ.

STFT: V,f(x,6) = (f,MTog) = [[(t)g(t —x)e™>™dt,  (x,€) € R
Orthogonality relations: (V;, f1, Vy,fo) = (f1, f2) (91, 92)-

Inversion: f = <%—19>// Vo f(x, &) MT,y d€ dw (weakly).

1/p
Modulation space MP(R): ||fllar = ||Vsfll, = (//\V(bf\p) :



ADJOINT OF THE STFT

1 1
Given 1 < p < 00, let p’ be its dual index, defined by - + — = 1.
p v

The STFT is (by definition) an isometric map of M?(R) into L” (R?):
Vi MPR) — P (R), | fllw = IValll-
Therefore it has an adjoint that is a bounded linear map
Vi LP(R?) — MP(R).

If F' ¢ LP(R?) is given, then V F is a uniquely defined element of M”(R). Given
F ¢ [*(R?) and f € MY (R), we have

(Vo F, f) = (F\Vuf) (definition of the adjoint)

~ [ Fe ) Vi s g

:// (2, &) (McTyo, f) du dé = <// xﬁMng¢,f>~
_ / / F(z,€) M0,

where we interpret the integral weakly.

Therefore



Corollary 1. If f € MP(R) then V'V, f = f.
Proof.
VoVsf = // Vo f(z,8) McT,¢

1 :
= 5.3 // Vof(z, &) Mo = f (by Inversion). O]

Corollary 1 and most other results, can be formulated in terms of other windows.
A first step is to extend to windows in S(R), but then once all the tools are in place,
we can extend to any window in M'(R). In this sense the Feichtinger algebra M;(R)
is the “correct” space of windows for time-frequency analysis. We will concentrate

on the Gaussian window for convenience.

Corollary 1 does not imply that Vj is invertible. It is injective, but it does not map

onto L?(R?). Even so, from f = V;Vs[ we obtain the reproducing formula
Vof = VuViVuf.

This will be very useful when we combine it with the next (seemingly technical

but very important) result.



Theorem 2. If F € LP(R?), then |[V,V F| < |F|* Vsl
Proof.

|V¢V$F(Uﬂ7)\ - ‘<v¢;kF7 MnTu¢>’

- ’<F7 V¢(M77Tu¢)>’

_ | / / F(e, &) Vo (M, Tod) (2, )| dar de
< [ [ 1P OO0, M) do de
— [ [ 1P O T o
= [ [ 1P Wastu —w.n - )] i de

= (1F1 % Vool ) (.. =

Remark: Since ¢ € S(R), we know that V¢ € S(R?). In fact, V,¢ is a two-dimensional
Gaussian. When going to general windows, the important fact is that if g, v €
M'(R), then V,g € W(C, ('), so we have both local and global control of V,g.
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AMALGAM PROPERTIES OF THE STFT

VoViF|l < |F|*[Vyol.

Corollary 3. If f € MP(R), then F =V, f € LP(R?) satisfies

Vofl = VaVEiVefl < |Vofl = [Vedl. &

Theorem 4 (Inclusions for Amalgams). If p; > py and ¢; < @9, then

W(LPI’ gcn) g W(Lm’ EQQ). <>

Theorem 5 (Convolution for Amalgams). For appropriate indices,

W(Lpl’gfh) % W(LPQ,E(JQ) g W(Lpl % Lm,g% % g%»

Consequently,

LP s W(L>®, 0 = W(LP, P) « W (L>, ()
W (L', ) « W (L™, 0%
W (L' % L™ (P % (1)

(

L7, 7).

NN

Ia
<



VoVe Fl < |F|+ [Vl
LP s W(L>®, 1) C W(L™, )

Corollary 6. If f € MP(R), then Vyf € W(L>, 7).
Proof. We have
Vofl = VaViVafl < [Vofl*|Ved| € LY + W(L¥, L") C W(L>, ).
Amalgam spaces are solid, i.e.,
geW(LF () and |h| <|g| = heW(LP ).

Therefore V,, f € W(L*>, (). O

The mapping in Corollary 6 is bounded; a slightly more careful proof shows that

Hv¢fHW(L°°,£P) <C HfHMP Hv¢¢HW(L°°,€1)-

Not every space is solid! Spaces defined in terms of the Fourier transform, like the
Wiener algebra A(R) or the Sobolev spaces H*(R), are not solid. The modulation

spaces MP(R) are not solid either.



GABOR FRAMES IN THE MODULATION SPACES

feMP(R) = VyfeW(L> )

The analysis map is a sampling of the STFT:
Cof = {(f. MuTug)} = {Vif(ak,tn)}

kneZ k,neZ.
Samples are a local property of the STFT, while what (¥ space they belong to is a
global property. We have a relation between the samples and the STFT because

the STFT belongs to an amalgam space!

Theorem 7. Fix a, b > 0. Analysis (using the Gaussian window) is a bounded map of M?(R)
into (P(Z2):
Cy: MP(R) — (P(Z?) is bounded.

Proof. Let Qp, = [ak,a(k + 1)] x [bn,b(n + 1)]. Then

ICoflle = [[{4F: MinTus o, = D Waf(akam)l < 37 sup Vol (. )P

k,nezZ kneZ (I,ﬁ)Ean

= Vol lhwem < CU A IVodlliy e oy O



Restated explicitly, there exists a constant B > 0 (B =C HV¢¢H€V(LOO,41)> such that

> KMy Tud)P < Blflfh,,  all f € MP(R),
k.neZ

In essence, G(¢,a,b) is a “Bessel sequence” for MP(R). The same is true if we replace

¢ by any other window g € M(R).

Since synthesis is the adjoint of analysis, we obtain the following.

Corollary 8. Let Ry: (*(Z?) — MP(R) be the adjoint of Cy: M? (R) — (¥ (Z?). Then R, is
bounded. <

Assignment 1. Prove that if ¢ = {cgp }rnez has only finitely many nonzero components, then

Ryc = Z Clin MpnTur - &
kn€eZ

Here (and elsewhere) we are sweeping under the rug some technical issues con-
cerning p = oo. Sometimes this involves interpreting series or integrals in a weak

or weak™ sense.
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Theorem 9. If 1 < p < co and ¢ € ?(Z?), then

Ryc = Z Cien MipnTur, (1)
k.neZ

with (unconditional) convergence in MP-norm.
Proof. Fix ¢ € (P(Z?), and let

G = V¢¢ and X = X[O,a]X[O,b]-

Since G € W(L*®, ('), we have

0 <G <L Z aje Tajpe)X, where a = {aj,} is summable.
VR4SV

Aside. To show that a series Y, converges, we must show that the partial sums are
Cauchy. A difference of two partial sums has the form
N M N
n=1 n=1 n=M+1
We want this < € when M, N are large enough. For unconditional convergence, we want
> <
nel

whenever F' is a finite subset of the index set and min(F’) is large enough.

11



Let F be a finite subset of Z2, and let cr be c restricted to F. By Assignment 1,
Rycp = Zk,neZ Cion My, Tur®, so to estimate ||Rycr|ar = ||Vs(Recr)| e

we first compute that

Vs (Rgcr)| =

Z Crn Voo (Mpn Torp) ‘

(kyn)eF

IA

IA

IA

IA

> ekl Vi(- — ak, - — bn)]
(k,n)eF

> leknl TiakimG
(kn)eF

Z ‘C/m| T(ak,bn) (Z %7 T(aj7bg)X>
(kn)eF JAEL

Z |Chn| Z aje T{aj+ak be+bn)X
(kn)eF JAEL

Z |Chn| Z Aj—k (—n T(aj,bg)X
(k,n)eF JAET

> (22 lawlsesien) Tusson
JAEL Nkn)eF

Z (‘CF| * CL)].Z T(aj’bg)X.

JLETL
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We've shown:

Z Can¢(MbnTak¢)| < Z(ICF|*CL)M Tiajoe)X-

(kn)eF e
Therefore
[Rocr e = IValBocr)lir = || 32 cin MinTuros \

(k,n)eF Mp

= Z Chkn V¢(MbnTak¢)‘
(k,n)eF Lr

< Z (Jer] * a)jg TiajbnX
FAEL Lr

= C H lcp| * a HE (it’s a step function)

< Cllep|le ||all < e for all large enough tails F.

This shows that the series

RQSC = Z Ckn MbnTak¢ (2>
kneZ

converges unconditionally in MP-norm, and repeating the above work with F' = Z? shows that

| Rscllare < B |c]|e, where B = C'||al| .
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Finally, repeating Assignment 1 with F' = Z? shows that (2) really is the adjoint of the analysis
map Cl. [

Remark: For general windows, the only important point is to have V,g € W(L>, (1),

which is ensured if g, v € M!(R).

Summary: If g, v belong to M!(R), then
Cy: MP(R) — (P(Z?) and R,: °(Z%) — MP(R)
are bounded, and therefore

Sg’,},f — vagf = Z <f7 MbnTakg> MbnTak’)/v f € MP(R)7
k,nezZ

is a bounded mapping of M?(R) into itself.

What is S,,? If G(g,a,b) is a Gabor frame for L?*(R) and v = g is the dual window,
then S, ., = I on the space L*(R).
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What all this work shows is that if we start with a Gabor frame for L?(R) whose
window ¢ belongs to the “correct” window class M'(R) (C W(C,¢')), then it is a

Gabor frame for every modulation space MP(R), not just L*(R).

Corollary 10. Assume g € M(R) is such that G(g, a,b) is a Gabor frame for L*(R), and let
g be the dual window. Assume g € M'(R) (this turns out to be automatic). Then there exist
constants A, B > 0 such that for each 1 < p < co we have

Allflfe < D K MuTug)? < Bllflhs  f € MP(R),
knezZ

and

fo= > {f MuTug) MnTurg = > (f, MpTurg) MnTurg, [ € M"(R).  (3)
k.neZ k.neZ

Proof. The upper inequality in (3) is a restatement of the boundedness of C;: MP(R) — (2(Z?).
A close examination of the preceding results shows that the bound (which is the operator norm

of Cy) does not depend on p.

Fix f € S(R), which is dense in MP?(R). Then

R; Cyf = Z (f, MpnTorg ) My Torg (convergence in MP-norm).
kn€eZ
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R;Cyf = Z (f, My Torg ) My Turg (convergence in MP-norm).
kneZ
Because G(g, a,b) is a frame for L*(R), we have

f= Z (f, MpnTorg ) MpnTarg (convergence in L*-norm).
k.neZ

This implies (after some work) that Rz C,f = f. Using the boundedness of R; and C,; and the
density of the Schwartz space, this extends to all f € MP(R). Finally,

| fllarr = |RGCyfllar < || Ry | |4C fllaze,

which gives the lower inequality in (3). O]

Remark 1: For p = oo, we still obtain the norm equivalence, but the series converge

weak™ instead of in norm.

Remark 2: These results extend to general mixed-norm, weighted modulation
spaces MP4(R).

Remark 3: A deep result of Gréchenig and Leinert shows that if ¢ € M!(R) and
G(g,a,b) is frame for L?(R), then § belongs to M!(R).
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Corollary 11. Assume g € M*(R) is such that G(g,a,b) is a tight Gabor frame for L*(R).
Then f € MP(R) if and only if C,f € ¢*(Z?*), and

1
F=7 kze:Z (fs MpnTarg) MynTurg, | € MP(R),

with unconditional convergence of this series in MP?-norm.

Further results: Although Gabor frames do not yield unique representations and
hence are not Schauder bases for the modulation spaces, there is a remarkable re-
lated construction of Wilson bases that share the same norm equivalence and series
representation theorems as Gabor frames with unique representations. Conse-
quently Wilson bases are unconditional Schauder bases for the modulation spaces.

As a consequence, the norm equivalence implies an actual isomorphism between
MP and ¢P:

MP(R) = (P(Z%) (in the sense of topological isomorphism).

This implies additional results. In particular, the modulation spaces are ordered

identically to the (¥ spaces:

1<p<g<oo = MP’R) C MYR).
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AN APPLICATION TO PSEUDODIFFERENTIAL OPERATORS

Definition 12. (a) Given k € L*(R?), the integral operator Ay: L?*(R) — L*(R) is

Auf(a) = / k(o) fy)dy,  f € L(R).

(Analogous to matrix-vector multiplication: (Au); = > aiju;.)

(b) Given a symbol function o € L*(R?), the Weyl transform of o is Ly: L*(R) — L?*(R) given
by

Lof@) = [ [ o(E526) v p(y) dya

- / (/ o(* ; %g) e dé) () dy.

(c) Given a symbol function 7 € L*(R?), the Kohn-Nirenberg transform of 7 is
K,: L*(R) — L*(R) defined by

K, () = / (2, €) F(€) T de

- / / (e, &) ETEVE fy) dyde. O

L, and K, are pseudodifferential operators.
18



Contrast the following formulas.

Identity:

Filtering (convolution):
(Fr9)@) = (129" @) = F3)'@) = [ F©) 50 ag

(f with frequency amplitudes adjusted, like a signal through an equalizer.)

Time-varying filtering (Kohn-Nirenberg transform):
/f I é- 2mixé df

(f with frequency amplitudes adjusted continuously with time.)

(f after transmission through a wireless channel; superposition of time delays
and doppler shifts.)
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To convert from Weyl to integral operator:

k(z,y) = /J(x ; y, 5) e2mi(@=v)¢ ge

This is a composition of a change of variable and a partial Fourier transform, and

MP is invariant under both of these. Therefore

occ MP(R?) <= ke M\(R?) <= 71 MR?.

As far as modulation properties go, we can work either with integral operators or
pseudodifferential operators. We’ll focus on integral operators, but the application

(and generalization) we have in mind is based on pseudodifferential operators.
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INTEGRAL OPERATORS ON L*(R?)

If k € L?(R?), then the corresponding integral operator A; is bounded on L?*(R),

because
Wats = [iasra: = [|[ e s af w
< [([wenra) ([ iwra)a
= 1518 [ b 0) Py o
— I k1
Thus,

[Axfll2 < &l 112

Taking the supremum over all unit vectors f, we see that A, is bounded and its

operator norm satisfies

ARl = S [Akfll2 < (1Kl
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More is true: Aj is a compact operator when k is square-integrable
let {e,},cny be an ONB for L?(R). Set

emn(T,y) = (em ®&n)(T,y) = en(x)en(y).
Then {e,,}mnen is an ONB for L%(R?). Since k € L*(R?), we have

k = ii<kaemn>emnv

m=1n=1

with convergence in L?-norm. Make an approximation to k:

N N
ky = ZZ(k,emn>emn.

m=1 n=1
Let Ay = Aj, be the corresponding integral operator:
N N

(]

Avf(z) = / b, y) f(y) dy =

3
[
”
S
[
o~

M= 1M
M-

E

(K, emn) (f, en) em().

3
[
”
S
[
”

. To prove this,

) / enn(,y) f(y) dy

(B, ) / () eny) £ () dy



Hence Ay has finite-dimensional range, it is a linear, continuous, finite-rank op-
erator. All such operators are compact (the image of the unit ball has compact

closure). The integral operator A does not have finite-dimensional range, but
[Ar = Anll = [ Ak-ryll < [[k—knlla — 0.

It is the limit (in operator norm) of compact operators, and this implies that it is

compact.

In general A; is not self-adjoint:

Ay is self-adjoint <—  k(z,y) = k(y,x),

but on the other hand the composition A;A; is both compact and self-adjoint.
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The (most basic) version of the Spectral Theorem says that A;A; has an ONB
of eigenvectors and corresponding nonnegative eigenvalues 1, — 0. The singular

values of A, are

If A, happens to be self-adjoint, then
Spn = |)\n‘7

where )\, are the eigenvalues of Aj.

Theorem 13. If & € L?(R?), then the singular numbers of Aj satisfy

o0
Y sno= kI3 < oo

n=1

(Therefore we say that Ay is a Hilbert-Schmidt operator.)

We say that A; is trace-class if the singular values are summable, i.e., if

o

an < 0.

n=1
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We can give a very simple sufficient condition to be trace-class.

Theorem 14. If k € M1(R?), then A is trace-class.

Proof. Choose g € MY(R) so that G(g,a,b) is a Parseval frame for L?(R). Enumerate this
Gabor system as G(g,a,b) = {e,}nen, and let e, = €, ® €. Then {e,,}tmnen is a Parseval

frame for every modulation space MP! In particular,

k = Z ZU{:; 6mn> Emn

m=1 n=1

with convergence in M!'-norm, and

ZZ\(k,emnH < 0.

m=1 n=1

Via linearity and absolute convergence,

A = D) (b emn) A, (4)

m=1 n=1
As before, A, = has one-dimensional range. It has a single nonzero singular value, and that
singular value is ||g||3. As a consequence A, is a trace-class operator. The space of trace-class
operators is a Banach space, so an absolutely convergence series of trace-class operators is
trace-class. Therefore equation (4) converges absolutely in trace-class norm, so Ay is trace-

class. 0
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More refined analysis using weighted modulation spaces gives, with a simple proof,
an improvement to known results: If k& € M? (= intersection of weighted L? space
and a Sobolev space) then Aj is trace-class. Further, the invariance of the modu-
lation spaces gives us equivalent theorems for pseudodifferential operators instead

of integral operators.
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Thank You!
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