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READING

For background on Hilbert spaces and operator theory:
Chapters 1-2 in C. Heil, A Basts Theory Primer, Birkhauser, Boston, 2011.

For background on the Fourier transform:
Chapter 9 in C. Heil, A Basis Theory Primer, Birkhauser, Boston, 2011.

A short general survey article on frames:
C. Heil, WHAT'IS . .. a frame?, Notices Amer. Math. Soc., 60 (2013), pp. 748-750.

Today’s lecture is based upon:
Chapter 7, Chapter 8 (Sections 8.1-8.5) in C. Heil, A Basis Theory Primer,
Birkhauser, Boston, 2011.

Also see:
C. E. Heil and D. F. Walnut, Continuous and discrete wavelet transforms,
SIAM Review, 31 (1989), pp. 628—666.

For an introduction to frames in finite dimensions:
D. Han, K. Kornelson, D. Larson, and E. Weber, Frames for Undergraduates,
AMS, Providence, 2007.



ORTHONORMAL SEQUENCES

Theorem 1. Let H be a Hilbert space, let £ = {e,, },en be an orthonormal sequence in H,
and set

M = span(&) = span{en}pen-
Then the following statements hold.

(a) Bessel’s Inequality: Z [z, en) | < [lz]]? for all v € H.

(b) If the series x = > 7

n=1

cnen converges, then ¢, = (z,e,) for each n € N.
(¢) D% cnen converges < > 7 |c,|* < oo,

(d) Ifz =37 cue, converges, then it converges unconditionally, i.e., it converges regardless

of the ordering of the index set.

(e) If x € H, then: p = i(w, en) €n
is the orthogonal projection ofT;c_lonto M, and ||p||> = D207, (=, en)]?.
(f) If z € H, then
reM — x:i(x,en>en |z|* = Z\xen : &

n=1



ORTHONORMAL BASES

Theorem 2. If H is a Hilbert space and {e,},en is an orthonormal sequence in H, then the

following five statements are equivalent.

(a) {en}nen is complete, i.e., Span{e, }neny = H.

(b) {en}tnen is a Schauder basis for H, i.e., for each x € H there exists a unique sequence of

o0

scalars (¢, )nen such that x = )" ¢ e,.
(c) If x € H, then
r = Z(x, €n) €n,
n=1

where this series converges in the norm of H (in this case it converges unconditionally).
(d) Plancherel’s Equality:
lz|> = > [z, en)]”  foralle e H.
n=1

(e) Parseval’s Equality:

(x,y) = Z(x, en) (en, y) for all z,y € H. O

n=1

Benefits: uniqueness, stability, unconditionality.
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STUPID EXAMPLE

Let H = R?, and set

1= (1’0)’ L2 = (07 1)7 I3 = (\/Li, %), Ty = (—%, %)

Each of {z1, 25} and {z3,74} is an orthonormal basis for R?, so

4
D Nz = 2|z’ zeR.
n=1
Therefore
{2_1/2331, 2_1/23}2, 2_1/2333, 2_1/2334}
satisfies the Plancherel Equality, but it is not orthogonal and is not a basis for R?.

n~

FIGURE 1. A union of two orthonormal bases.



MERCEDES FRAME

Let H = R?, and set

I = (0? 1)? Lo = (_ﬁa _%)7 X3 = (@a _%)

Then >°_, [(x,2,)]> = 2 ||z|? for all #+ € R?. Therefore, if we set ¢ = (2/3)"/2, then
{cxy, cxo, cx3}

satisfies Y7 |(z, cz,)|? = ||z||%, but it is not orthogonal, not a basis, and not a union

of orthonormal bases.

(Can you see that the Mercedes frame is the orthogonal projection of an orthonor-

mal basis for R® onto a two-dimensional plane?)

TN

_17

FIGURE 2. The three vectors of the Mercedes frame. A dashed unit circle is included for comparison, and

also to motivate its alternative name (the peace frame).
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FRAMES

Plancherel Equality for an ONB: » "[(z,e,)[> = [|z||*, all z € H.

n=1

Definition 3 (Frame). [Duffin and Schaeffer, 1952] A sequence {x,},cn in a Hilbert space H
is a frame for H if there exist constants A, B > 0 such that the following pseudo-Plancherel

formula holds:
veeH, Al < 3 lra)P < Blal?
n=1

(a) A and B are called frame bounds. A is a lower frame bound, and B is an upper frame

bound.

(b) The largest possible lower frame bound is the optimal lower frame bound, and the smallest

possible upper frame bound is the optimal upper frame bound.
(¢) The frame is tight if we can take A = B.
(d) It is a Parseval frame if the Plancherel Equality holds (i.e., we can take A = B = 1).

(e) It is an exact frame if it ceases to be a frame whenever any single element is deleted from

the sequence. <



EXAMPLES

(a) ONB <= exact Parseval frame.

(b) Let {e,},eny be an ONB. Then {0, e, es,...} is an inexact Parseval frame.

(c) {e1,e1,€9,€9,...} is an inexact tight frame (A = B = 2).

(d) {e1, e2/V?2, e2/V2, e3/\/3, e3/\/3, e3//3, ...} is an inexact Parseval frame, and

no nonredundant subsequence is a frame.



THE TRIGONOMETRIC SYSTEM

Let L?[0,1] be the Lebesgue space of complex-valued, square-integrable functions

on [0, 1] with inner product

o) = [ s
The trigonometric system
&1 = {entnez = {7} ez
is an ONB for L?0,1]. Fix b > 0 and consider
& = {emtnez = {7 Inez,

as a system in L?[0, 1] (even though e, is 1/b-periodic, restrict the domain to [0, 1]).

Case 1: b > 1. Each element of &, is 1/b-periodic, and 1/b < 1. We can construct a
function f € L?[0,1] such that

f L ep, all n € Z.
Hence &, is not complete, i.e., span(&,) € L?[0, 1].

Case 2: b < 1. Each element of &, is 1/b-periodic, but 1/b > 1. Think of L?0,1] as
a proper subspace of L?[0,1/b] (extend functions in L?[0,1] by zero). Let P be the
9



orthogonal projection of L*[0,1/b] onto L?[0, 1]:
Pf=fXpu, f e L*[0,1/b].

Set
{fontnez = {0 ern}nez,  domain =1[0,1/0)].
This is an ONB for L?0,1/b] and

v128, = (b ey} nez = {Pfontnez, domain = [0, 1],

is the image of an ONB under an orthogonal projection. Given f € L?0,1], let
g € L?[0,1/b] be f extended by zero to [0,1/b]. Then

S emdronl = S el = 3 /fem

ne nez ne
= > UPg, b PP fy)ropaml>  (extend by zero to [0,1/0])

nez

1 k
~ b > P, fu) o> (P*=P,P*=P,Pg=yg)

nes

= Glalfoun = 5 [ loF (Plancherel: 37 |(h i) = 1)

1,0 IR
= 1l = 5 [ W
10



We have proved the following.

Theorem 4. &, = {ey, }nez is a tight frame for L?[0,1], with A = B = 1/b. Consequently, for
all f € L?[0,1] we have

%f — Z<f, 6bn> Cpn = Z<f7 e2m'bnt> eQﬂ'ibnt’

nes nez

where this series converges (unconditionally) in L*norm.

We will show that the Classical (Shannon) Sampling Theorem is a corollary of

Theorem 4!

Assignment 1. (a) Show that &, is not a Schauder basis for L?[0, 1] by finding two two distinct

ways to write the constant function as 1 = Z%Z Cn€bn, Where the series converges in L?-norm.

(b) Prove that {enp}nz0 is complete in L?[0,1] (only the zero function is orthogonal to every
ey With n # 0).

(c) Is & is linearly dependent in the linear algebra sense (does not some nontrivial finite linear

combination equal the zero function)?

(d) (Harder) Is &, “infinitely overcomplete” or just “finitely overcomplete”? (How many ele-

ments can be removed an still leave a complete set?)
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THE FOURIER TRANSFORM

The Fourier transform of f € L'(R) is

/ f(z) e 2™ dy, £ eR.

The inverse Fourier transform of f € L'(R) is

_ / T f@) P d, EeR,

Theorem 5 (Inversion Formula). If f, fe LY(R), then f and f are continuous, and

fla) = / IS g

with equality holding pointwise for each .

FIGURE 3. Graph of ¢(z) = 2cos(2mv/Tz) + 0.7 cos(279z) for 0 < = < 1.
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Lemma 6. If f € C2(R) then f € L2(R) and ||f]l2 = [|If]l>. ¢

Hence F: f — [ is an isometric map from a dense subset of L%(R) into L*(R).
Consequently, 7 has an extension to a unitary map
F: L*(R) — L*(R)

. (linear, bijective, isometric || f]|> = ||f]2).

=7
Recall that {ey,},cz is a tight frame for L2[—%, %] Extend ¢, by zero to all of R:
eQﬂ'ibnt’ |t‘ S %’

e () = €7™MX(t) = where X = X_
0, t] > 1,

N[
N[

If we think of L?[—3,1] as being a subspace of L*(R), then {e,},cz is a tight frame

for that subspace. As the Fourier transform is unitary,
{stntnez = {(emX) Inez
is a tight frame for the Paley—Wiener space
PW = {f € L*(R) : supp(f) C [-3.3]}.

(Functions in this space are said to be bandlimited to [—1,1]). Hence for all f € PW,

fo=0_{f 5um) spn.

nez
13



v . v 0.} ) S.
To compute s, = (e, X) ", first verify that X(z) = / Xi_1y(t) Qamiat gy ST
—00 ™

N
=

This is the sinc function. Then

(0.9]

o 2mibnta Y omibnt omizt 5, Sinm(x +bn)
sm(z) = (e X) (x) = /_Ooe X1 y(t) e dt = @ 1)

Furthermore,

R R /2 00 __ .
(frsmm) = (fs (sn)") = (f, ewn) = &) em(&) dé = / F(&) e de

~1/2

= (F) (~bn) = f(~bn).

Corollary 7 (Classical Sampling Theorem). Fix f € PW, i.e., f € L?(R) is bandlimited to
[—1,1]. Then for 0 < b < 1,

@) = b3 (s o) = b3 f(on) >

nes nez

where this series converges (unconditionally) in L?>-norm. <

Every bandlimited function is determined by its samples f(bn) (if we sample quickly
enough). This is the basis for digital encoding of analog signals. If b < 1 then the

frame is not exact, which gives enhanced robustness against noise.

14



BESSEL SEQUENCES

Definition 8 (Bessel Sequence). A sequence {x, },en in a Hilbert space H is a Bessel sequence
if
Vo e H, Z [z, z,)]* < o0.
n=1
Theorem 9. Let {z,},en be a Bessel sequence, and let Cz = ((x,xn>)neN for z € H (the

analysis map or coefficient map). Then the following statements hold.

(a) C is a bounded mapping of H into 2, and there exists a constant B > 0 such that

VeeH Y [z, < Bl

n=1
(b) If (c,) € £?, then the series > c,z, converges unconditionally in H, and Rc = Y ¢,z

defines a bounded map of ¢? into H (the synthesis map or reconstruction map).

(¢) R=C* and ||R| = ||C|| £ BY?. Consequently,

o0 2 o0
Vi) €L, D eara|| < B el
n=1 n=1

(d) If {x}, }nen is complete, then C' is injective and range(R) is dense in H.

Assignment 2. Prove statement (a). Uniform Boundedness Principle!
15



Proof. (b) Choose ¢ = (¢p)nen € 2. Then for 0 < M < N we have

= sup
yl=1

N

3 <cnxn,y>\
n=M+1

N

< sup Z ‘CnH(xnay)l

Iwl=1 , 371
N 1/2 , o 1/2
< sup ( 5 \cnv) (z«xn,mv)
lyll=1 n=M+1 n=1
N 1/2
< sup Buyn( 3 \cn|2)
lyll=1 n=M-+1
N 1/2
= B( Z ‘Cn‘2> ,
n=M-+1

Therefore Y ¢,z, is a Cauchy series and hence converges. If o: N — N is a bijection, then the
same argument applies to > Co(n)To(n)- Lherefore the series converges unconditionally. Taking

M =1 and letting N — oo, we obtain

00 00 1/2
el = [Seum| < B(X k) = Bl
n=1 n=1

so R is bounded and ||R| < B.

16



(c) Given ¢ = (c,) € £* and y € H, we have

(0.9]

Re = cha:n € H and Cy = {(xn,y>n€N} e (2
n=1
Therefore
(¢, R'y) = (Re,y)
— <Z Cny, y>
n=1
— ch <xn7y>
n=1

= ((e)s {m)}) = {e.Cw),

so C = R*. O]

Benefits of a Bessel sequence: )’ ¢z, converges unconditionally; bounded analysis

and synthesis maps.

Drawbacks: What does ) ¢,z, converge to? C' and R need not be invertible (lack

of stability). {z,},en need not be complete (its span need not be dense).

17



Assignment 3. Let {z, },en be a sequence in a Hilbert space H, and let {0,,} be the standard

basis for 2. Prove that the following statements are equivalent.

(a) {7 }nen is a Bessel sequence in H, i.e., > |(z,z,)|* < oo for every .

(b) There exists a constant B > 0 and a dense set £ C H such that

VeeE, > (@) < Blz|*

n=1

(c) There exists a constant B > 0 such that

N P N
VN eN, Ve,...,cy €F, chxn < B Z\cn\z
n=1 n=1

(d) The series >_ ¢,z,, converges for each sequence (c,) € 2.
(e) There exists a bounded operator R: 2 — H such that R6, = z, for each n € N.

(f) There exists an orthonormal sequence {e,},cz in H and a bounded operator T' € B(H)

such that Te,, = x,, for each n € N.
Further, when these hold, the operator R appearing in part (e) is the synthesis operator for

{xn}neNa and Span{xn}neN = range(R>'

Bessel sequences are images of ONBs under bounded maps. (This statement

makes Bessel sequences seem much simpler than they are!)

18



THE FRAME OPERATOR

The frame operator for a Bessel sequence is

Sz = RCx = Z(az,xn>xn, xr € H.
n=1
Note that N .
(Sz,x) = Y (z,2n) (Tp,x) = Y [z, 2,) .
n=1 n=1

Example: If {z,},cy is an ONB, then S=1! ¢

Fact (good assignment, but we’ll prove more): If {z,},cy is a tight frame (A =
B), then S = AI! This can happen even when the frame is not exact (“includes

redundancy” in some sense). Hence

{z,}nen tight frame — Az = Z (x,zp) x,, x € H. O

n=1

This is for a tight frame, but we will prove that if {z,} is any frame then we have

stable frame expansions.

19



FRAME EXPANSIONS

Theorem 10. If {z,,},cn is a frame for H with frame bounds A, B, then the following state-
ments hold.
(a) The frame operator S: H — H is a topological isomorphism (linear, bijective, continuous,

with continuous inverse). It need not be isometric, but it satisfies the operator inequalities
Al < S < BI.

(b) S71 is a topological isomorphism, and B~11 < §~1 < A71[.
(c) {S7'z,} is a frame with frame bounds B!, A=t

(d) For each = € H,

i (x, S z,) = f:(%%) Sz,
n=1 n=1

and these series converge unconditionally in the norm of H.

(e) If the frame is A-tight, then S = AI, St = A~'I, and

Vee H =z = A_lz<x,xn>xn. O

We write 7,, = S~'z,,, and call {Z,} the canonical dual frame.

20



Proof. (a) {,}nen is Bessel, so § = RC' = C*C' is bounded and positive. Also,

(Sz,x) = <Z(x,xn>xn, :z:> =Y [o,z,)* < Bllz||* = (Blx,x).

n=1

The definition of the operator inequality S < BI is that
S < BI  means (Sx,z) < (Blz,x) for every x.

Hence S < BI, and similarly S > Al

Reasonable, but needs justification:
AI < S < BI = S is bounded, linear, and S~! is invertible.

Example argument:

Alzl* = (Alz,z) < (Sz,2) < ||Sz| [l=],

so ||Sz|| > Al|z||. This implies S is injective and has closed range.

(b) Also reasonable, but needs justification:
AI<S<BI = S 1'4AI1<s1S<S!BI,

which yields B~11 < S7! < A7'I. (« 3 typo in printouts here!)
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. . . . . _1 .
9 n .
(¢) The image of a frame under a topological isomorphism is a frame, so {S™ 'z, } is a frame

(d) Recall
St = RCzx = Z(x,xn> T
n=1
Since S is self-adjoint, we therefore have
= S(S7'2) = Z(S T, Tp) Z r, S x,)
n=1 n=1

Also, since S~ is continuous

a:le <§:xxn ) ixmnS:ﬁn ]
n=1 n=1

R s |
Hence, with =, = 57"z,

o0 o0
E T, Tp) E (x, ) Tn, r € H.

An alternative dual is a sequence {y,} such that

jg: lryn Tn, r € H.
n=1

22



THE CANONICAL PARSEVAL FRAME

Since S and S~! are both positive operators, they have square roots S'/? and S~1/2.

Corollary 11. (Every frame is the image of a tight frame under a topological isomorphism.)
Let {x,}nen be a frame.

122,,} is a Parseval frame.

(a) S~Y2 is a topological isomorphism, and {5~
(b) (zn, @) = ||S~V%2,||%, and 0 < (x,,,7,) < 1 for every n.

(¢) {2n}nen is exact if and only if {S~/22,} is an ONB.

Proof. (a) S~/? is a topological isomorphism because S is. Therefore {S~'/%2,} is a frame,
and o

Z(w,S‘l/zxn) STV, = §7Y2887 V2 = g = Iu.

n=1

It follows that {S~'/2x,} is a Parseval frame.

(b) Since S~'/2 is self-adjoint,
(T, Tp) = <xn, S_lxn> = <S_1/2xn, S_l/2xn> = |\S_1/2xn|\2.

Since {S™/2x,} is 1-tight, ||S™'/%2,||?> < 1 for every n (see Assignment 5). O
We write 2! = S~'/2z,, and call {2%} the canonical Parseval frame.

23



OVERCOMPLETENESS

Theorem 12. Let {z,,},en be a frame for H. If z =) ¢,z, for some scalars (¢,), then

el = @ @)+ Y [ Ea) — el
n=1 n=1 n=1

In particular, the “canonical sequence” ((x, En>) has minimal ¢*>-norm among all such (c,).

Proof. x = > ayx, where a, = (x,z,). If x = > ¢,x,, then

<§: n T, S_1x>

n=1

(x,S 'z)

= Z an (Tp, ) (S~ is self-adjoint)

and

(x,8 7)) = <icxn S_1x> - icn (T, z) = icna_n — ((en), (an))e.

Therefore (¢, — ay,) is orthogonal to (a,) in £2, the Pythagorean Theorem implies that

len)lle: = ll(en = an) + (@)l = ll(en — an)lle + (@) o O

24



Theorem 13. Let {z,},en be a frame.

(a) For each m € N,
2

~ I — (@, @) * — 11— (T, Twr)|
2 my ~m msy ~m
Z|<$m,ﬂ3n>| = 5 :

n#m
(b) If (xy,, Tp) = 1, then (x,,,7,) = 0 for n # m.

(¢) The removal of a vector from a frame leaves either a frame or an incomplete set. Specif-

ically,
(T, Tm) #1 = {Tn}nzm is a frame,

(T, Tm) =1 = {x,}netm is incomplete.

Proof. Fix m, let a,, = (x,,, z,,). Then z,,, =Y ayx, and z,,, = > dn2y. By Theorem 12,

1 = Z|5mn|2 - Zla"|2 + Z|an_5mn|2
n=1 n=1 n=1
= |an|* + Z\an|2 + lam — 1) + Z la,|%.

n#*m n#m

Rearranging gives statement (a).

(b) If (T, i) = 1, then > |(Zyn, Tn) |2 = 0.

25



(¢) If (@, Tp) = 1, then z,, L z,, for every n # m. However, z,, # 0 since (T, z,,) = 1 # 0.

Therefore {x),},.n is incomplete.

If (xp, zp) # 1, let a, = (x, T,). Then z,, = > ayzy, but a,, # 1, so z,, = 1% En#m Qp Ty,

< O | m)

n#*m

Hence

Therefore,

Z\ ra)? = [z )’ + ) Nz < (1+C) Y [z @)

n#*m n#m

Hence, if A, B are frame bounds for {z,},cn then

2 2 2 2
el < HCZImnI >l alt < Bkl

50 {xp }ntm has frame bounds A/(1+ C), B. O

26



Assignment 4. Let {x,},cn be a frame. Prove that the following are equivalent.

(a) {x,}nen is exact.
(b) {x,}nen and {z,} are biorthogonal, i.e., (X, Tp) = Spn.-

(¢) (xy, T,) =1 for all n.

Consequently, if {z,},en is A-tight, then the following are equivalent.

(a") {zp}nen is exact.
(b”) {x,}nen is an orthogonal basis for H.

() |zn||* = A for all n. <

Assignment 5. Assume {z,},en is a frame with frame bounds A, B.

(a) ||z,||* < B for every n.

(b) If {2, }nen is exact then A < ||z, || for every n. &

Assignment 6. Frames are preserved by topological isomorphisms: If {x, },cn is a frame and

T: H — K is a topological isomorphism, then {T'x,} is a frame for K.

27



Theorem 14. Given a sequence {z,},en, the following are equivalent.

(a) {x,}nen is an exact frame.
(b) {x,}nen is a bounded unconditional basis.

(¢) {zn}nen is a Riesz basis.

Proof. (a) = (b). Assume {x,},en is an exact frame for H. By assignment, A < ||z,||*> < B
(this is the bounded part). Also,

(0.9]

= T, Tpn) Tn reH
Z<7 > Y Y

n=1
with wunconditional convergence of the series. Also by assignment, {z,},en and {z,} are
biorthogonal. This implies that the scalars in the preceding equation are unique (this is the

Schauder basis part).
(b) < (c). Fact from Hilbert spaces.

(¢) = (a). If {x,}nen is a Riesz basis then, by definition, there exists an orthonormal basis
{e,} and a topological isomorphism 7: H — H such that Te, = z,. Since {e,} is an exact
frame and exact frames are preserved by topological isomorphisms, {z, },eny must also be an

exact frame. ]

28



Useful characterizations of Riesz bases.

Theorem 15. Given a sequence {x, },en, the following statements are equivalent.

(a) {zp}nen is a Riesz basis for H (i.e., it is the image of an ONB under a topological
isomorphism).

(b) {x}nen is a bounded unconditional basis for H.

(¢) {xn}nen is a basis for H, and

(0.9]

o0
g CpT, cOnverges — <— g cn]? < o0

(d) {x,}nen is complete in H and there exist constants A, B > 0 such that

N N 2 N
Ver,..oen, A Z lca]® < chﬂcn < B Z lea]®.
n=1 n=1 n=1

(e) There is an equivalent inner product (-,-) for H such that {x,},en is an orthonormal
basis for H with respect to (-, -).

(f) {xn}nen is a complete Bessel sequence and possesses a biorthogonal system {y, },en that

is also a complete Bessel sequence.

(g) {zn}nen is complete, and multiplication of vectors in ¢? by the Gram matric G =

[(xn, xm>]m ey defines a topological isomorphism of ¢? onto itself.

29



Assignment 7. Some implications related to bases.

ONB

e 4l

1l

1

1

Riesz basis (image of an ONB under invertible map)

Schauder basis (x = Z Cny, uniquely)

n=1

3 biorthogonal system ((xm, Yn) = 5mn)
minimal (xm ¢ span{x, fnim, every m)
w-independent (Z ity =0 = ¢, = O)

finitely independent (usual linear algebra independence)

30



Assignment 8. Some implications related to frames.

ONB

Riesz basis (image of an ONB under invertible map)

1l

S exact frame <= bounded unconditional basis
—
frame

complete set (span is dense) &

1l

Frames provide a unconditional representations with redundancy:

E X, CIJn
n=1
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PROBLEMS ON RIESZ BASES

Numbers correspond to “A Basis Theory Primer.”

7.16. Show directly that if {z,},cn is complete and | XN ¢z, [|° = XN, |e, |2 for all
N eNand ¢q,...,cy € F, then {x,},cy is an ONB.

7.20 (Assume the results of 7.18 and 7.19.) Set ¢;(z) = ¢*™**. Prove the following
statements.

(a) Tyf(z) = 2" f(z) is a bounded map of L*[—3, 3| into itself, with operator norm
ITil) = 27"

k %)
2mi( N, —
(b) If a,, = —( ( X )) , then e, —e, = Z ani Tre,, where the series converges
' k=1

absolutely in L*[—1,1].

(c) Ifo = supjn—X\,| < (In2)/7 ~ 0.22...,
nez
then {e*™*},.; is a Riesz basis for L*[—1 1].

Remark: This result (due to Duffin and Eachus) is not quite optimal. Kadec’s
1-Theorem states that if § < I then {e*™**},.; is a Riesz basis for L*[—1, 1] (and 1

is optimal).
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PROBLEMS ON FRAMES

8.4. Let {z,},en be a sequence in H. Assume A ||z|]? < > |(z,z,)|*> < B||z|]* for z in
some dense subset F. Show that {z,},cy is a frame (thus it suffices to establish the

frame condition on some dense, “nice” subset).
8.6. Let {z,} be an A-tight frame. Prove the following.
(a) ||z.]|* < A for every n.

(b) If ||z,,]|* < A for some m, then {z,},., is a frame and the optimal lower frame

bound for {z,},zm is A — ||z
(c) If ||z,,||* = A for some m, then z,, L x, for all n # m.

8.11. Let vy,...,v, be vectors in F? (F = R or C). Give direct proofs of the following.
(a) {v1,...,v,} is a Bessel sequence in F? its synthesis operator corresponds to
multiplication by the matrix R that has vy,...,v, as columns, and its analysis

operator is C' = R*, the Hermitian of the matrix R.

(b) The following are equivalent: (i) {v1,...,v,} spans F? (ii) S = C*C is positive
definite, (iii) {v;,...,v,} is a frame for F?. Further, in case these hold, the optimal
frame bounds for {v,...,v,} are A\;, Ay, where ); is the smallest eigenvalue of S and

A¢ 1s the largest eigenvalue.
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(c) The following are equivalent: (i) {vy,...,v,} is linearly independent, (ii) G = CC*

is positive definite, (iii) {v1,...,v,} is a Riesz sequence (a Riesz basis for its span).

8.15. Alternative proof that the frame operator is a topological isomorphism.
(a) Show that if U, V € B(H) are positive and U <V then ||U|| < ||V]].
(b) Let S be the frame operator for a frame {z,},cy that has frame bounds A, B.

Prove the operator inequality
2 B—A
0 < I— S < I
- A+B — B+ A"’

and use this (and Neumann series) to show S is a topological isomorphism.

8.18. Let {x,},en be a frame for H. Let C, R, S be the analysis, synthesis, and
frame operators for {z,},cn, and let 5, R be the analysis and synthesis operators

for the canonical dual frame {z,}. Prove the following.
(a) C=CS'and R=S'R.

(b) The orthogonal projection P of /? onto range(C) is

Pc = CRe = CS 'Re = {<Z Cnln, :z:k>} , c=(c,) € 2.

n keN
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