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Solutions to Selected Exercises and

Problems

These are selected solutions to some of the exercises and problems from “An
Introduction to Real Analysis.” Approximately one exercise or problem from
each section is included, sometimes more from longer sections. I have tried
to select solutions that give some insight, but at the same time I have de-
liberately not included those problems where I feel that there is a particular
benefit from finding the solution on your own. It is always best to find your
own solution, but it is also true that sometimes you need a little something
to compare to.

The problems in the text vary considerably in difficulty. Some have solu-
tions that are quite short, and others take a lot of work (or maybe I just
haven’t found an efficient solution yet). Of course, many problems have so-
lutions other than the ones I sketch here. In particular, there could very well
be easier solutions than the ones I give (and over the years, my students have
often shown me better solutions!). These solutions have not been proofread as
carefully as has the text proper, so the probability of errors is correspondingly
higher. Please send comments and corrections to “heil@math.gatech.edu”.

Solutions to Selected Exercises and Problems

1.1.7 (a) Let F be the set of all possible limits of elements of E:

F =
{
y ∈ X : there exist xn ∈ E such that xn → y

}
.

We must show that F = E.
Choose any point y ∈ F. Then, by definition, there exist points xn ∈ E

such that xn → y. Since E ⊆ E, the points xn all belong to E. Hence y is a
limit of elements of E. But E is a closed set, so it must contain all of these
limits. Therefore y belongs to E, so we have shown that F ⊆ E.

1
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In order to prove that E is a subset of F, we will first prove that FC is an
open set. To do this, choose any point y ∈ FC. We must show that there is
a ball centered at y that is entirely contained in FC. That is, we must show
that there is some r > 0 such that Br(y) contains no limits of elements of E.

Suppose that for each k ∈ N, the ball B1/k(y) contained some point from
E, say xk ∈ B1/k(y) ∩ E. Then these xk are points of E that converge to
y (why?). Hence y is a limit of points of E, which contradicts the fact that
y /∈ F. Hence there must be at least one k such that B1/k(y) contains no
points of E. We will show that r = 1/k is the radius that we seek. That
is, we will show that the ball Br(y), where r = 1/k, not only contains no
elements of E but furthermore contains no limits of elements of E.

Suppose that Br(y) did contain some point z that was a limit of elements
of E, i.e., suppose that there did exist some xn ∈ E such that xn → z ∈
Br(y). Then, since d(y, z) < r and since d(z, xn) becomes arbitrarily small,
by choosing n large enough we will have d(y, xn) ≤ d(y, z) + d(z, xn) < r.
But then this point xn belongs to Br(y), which contradicts the fact that
Br(y) contains no points of E.

Thus, Br(y) contains no limits of elements of E. Since F is the set of all
limits of elements of E, this means that Br(y) contains no points of F. That
is, Br(y) ⊆ FC.

In summary, we have shown that each point y ∈ FC has some ball Br(y)
that is entirely contained in FC. Therefore FC is an open set. Hence, by
definition, F is a closed set. We also know that E ⊆ F (why?), so F is
one of the closed sets that contains E. But E is the smallest closed set that
contains E, so we conclude that E ⊆ F.

(b) “⇒.” Assume that E is dense in X. Then E = X, so part (a) implies
that every point x ∈ X is a limit of elements of E.

“⇐.” Suppose that every point x ∈ X is a limit of elements of E. Then
part (a) implies that E = X, so E is dense in X.

1.2.13 The partial sums sN =
∑N

n=1 xn of the series converge to x in
norm, so by the continuity of the norm and the Triangle Inequality (which
by induction applies to any finite sum), we see that

∥∥∥∥
∞∑

n=1

xn

∥∥∥∥ = ‖x‖ = lim
N→∞

‖sN‖ (continuity of the norm)

= lim
N→∞

∥∥∥∥
N∑

n=1

xn

∥∥∥∥ (definition of sN )
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≤ lim
N→∞

N∑

n=1

‖xn‖ (Triangle Inequality)

=

∞∑

n=1

‖xn‖ (definition of infinite series).

1.3.6 “⇒.” Suppose that f : Rd → C is uniformly continuous, and fix ε > 0.
Then there exists some δ > 0 such that

‖x− y‖ < δ =⇒ |f(x) − f(y)| < ε.

Consequently, if ‖a‖ < δ then ‖x− (x− a)‖ = ‖a‖ < δ for every x, so

‖f − Taf‖u = sup
x∈R

|f(x)− f(x− a)| ≤ ε.

This says that ‖f − Taf‖u → 0 as a → 0.

“⇐.” Suppose that ‖f − Taf‖u → 0, and fix ε > 0. Then there exists

some δ > 0 such that ‖f − Taf‖u < ε whenever ‖a‖ < δ. Consequently, if

‖x− y‖ < δ and we set a = x− y, then

|f(x)− f(y)| = |f(x) − f(x− a)| ≤ ‖f − Taf‖u < ε.

Hence f is uniformly continuous.

1.4.2 Case 1: Real-Valued Functions. Assume that f is a differentiable real-
valued function on I whose derivative is bounded, and set

K = ‖f ′‖u = sup
t∈I

|f ′(t)|.

is finite. Choose any two points x < y in I. Then f is differentiable everywhere
on the interval (x, y) and is continuous on [x, y]. Because f is real-valued, the
Mean Value Theorem therefore implies that there exists a point c between x
and y such that

f ′(c) =
f(y)− f(x)

y − x
.

Rearranging, we see that

|f(y)− f(x)| = |f ′(c)| |y − x| ≤ K |y − x|.

Case 2: Complex-Valued Functions. Suppose that f is a differentiable
complex-valued function on I whose derivative is bounded, write f = g + ih
where g and h are real-valued. Since f ′ is bounded and f ′ = g′+ih′, the func-
tions g′ and h′ are bounded. Since g is real-valued, Case 1 implies that g is
Lipschitz and ‖g′‖u is a Lipschitz constant for g. Similarly h is Lipschitz with
Lipschitz constant ‖h′‖u. Therefore, given any points x, y ∈ I, we compute
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that

|f(x)− f(y)| =
(
|g(x)− g(y)|2 + |h(x)− h(y)|2

)1/2

≤
(
‖g′‖2u |x− y|2 + ‖h′‖2u |x− y|2

)1/2

= K |x− y|,

where K = ‖g′‖u + ‖h′‖u.

2.1.20 Let E = R1 ∪ · · · ∪ Rn where R1, . . . , Rn are nonoverlapping boxes.
By definition of exterior measure, or by applying monotonicity, we have

|E|e ≤

n∑

j=1

|Rj |e =

n∑

j=1

vol(Rj).

Let {Qk} be any countable covering of E by countably many boxes, and
fix ε > 0. Given k ∈ N, let Q∗

k be a box that contains Qk in its interior but
is only slightly larger in the sense that

vol(Q∗
k) ≤ (1 + ε) vol(Qk).

Since Qk ⊆ (Q∗
k)

◦, the interiors of the boxes Q∗
k form an open covering

of E: As E is compact, this covering must have a finite subcovering. Hence
there exists some integer N > 0 such that

N⋃
j=1

Rj = E ⊆
N⋃

k=1

(Q∗
k)

◦ ⊆
N⋃

k=1

Q∗
k.

We wish to show that

n∑

j=1

vol(Rj) ≤

N∑

k=1

vol(Q∗
k).

We apply the same idea as in the proof of Lemma 2.1.6. That is, we extend
the sides of the boxes Q∗

k to obtain a grid-like covering of E by smaller boxes.
There can be duplicates in this covering. We can ignore any smaller boxes
whose interiors lie completely outside of E. Hence we have a collection of
smaller boxes that cover E. Recall that E is the union of the finitely many
nonoverlapping boxes R1, . . . , Rn. Each box Rj is covered by a distinct subset
of these smaller boxes, and those smaller boxes make a grid-like cover of Rj ,
possibly with overlaps. Hence the sum of the volumes of the boxes Rj is
bounded by the sum of all the volumes of the smaller boxes. That sum is
itself bounded by the sum of the volumes of the boxes Q∗

k. This gives us the
desired inequality
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n∑

j=1

vol(Rj) ≤

N∑

k=1

vol(Q∗
k).

Putting this all together, we obtain

n∑

j=1

vol(Rj) ≤

N∑

k=1

vol(Q∗
k) ≤ (1 + ε)

N∑

k=1

vol(Qk) ≤ (1 + ε)
∑

k

vol(Qk).

Taking the infimum over all such coverings by boxes, we see that

n∑

j=1

vol(Rj) ≤ (1 + ε) |E|e.

Finally, since ε is arbitrary, this yields

n∑

j=1

vol(Rj) ≤ |E|e.

Alternative proof. Let Q1, . . . , QN be nonoverlapping boxes, and set

E = Q1 ∪ · · · ∪QN .

By subadditivity,

|E|e =

∣∣∣∣
N⋃

k=1

Qk

∣∣∣∣ ≤

N∑

k=1

|Qk|e =

N∑

k=1

vol(Qk),

so our task is to prove the opposite inequality.
Let {Rℓ} be a cover of E = Q1 ∪ · · · ∪QN by countably many boxes. For

each fixed k, the collection {Rℓ ∩Qk}ℓ is a covering of Qk by boxes, so

vol(Qk) = |Qk|e ≤
∑

ℓ

vol(Rℓ ∩Qk), k = 1, . . . , N.

Also, {Rℓ ∩ Qk}
N
k=1 is a finite collection of nonoverlapping boxes contained

in Rℓ. A variation on the ideas in Lemma 2.1.6 or Exercise 2.1.7 shows that

N∑

k=1

vol(Rℓ ∩Qk) ≤ vol(Rℓ).

Therefore

N∑

k=1

vol(Qk) ≤

N∑

k=1

∑

ℓ

vol(Rℓ ∩Qk) ≤
∑

ℓ

vol(Rℓ).
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Since this is true for every covering, we conclude that

N∑

k=1

vol(Qk) ≤ inf
{∑

ℓ

vol(Rℓ)
}

=

∣∣∣∣
N⋃

k=1

Qk

∣∣∣∣ = |E|e,

where the infimum is taken over all possible coverings of E = Q1 ∪ · · · ∪QN

by countably many boxes Rℓ.

2.2.37 (a) ⇒ (b). Suppose that E is measurable. Then, by definition of
measurability, there exists an open set U ⊇ E such that |U \E|e < ε. By
Lemma 2.2.15, there exist an closed set F ⊆ E such that |E\F |e < ε.
Subadditivity therefore implies that

|U \F | ≤ |U \E|e + |E\F |e < 2ε.

(b) ⇒ (c). Assume that statement (b) holds. Then for each k ∈ N, there
exists an open set Uk and a closed set Fk such that Fk ⊆ Ek ⊆ Uk and
|Uk\Fk| <

1
k . Let U =

⋂
Uk and F =

⋃
Fk. Then U is a Gδ-set and F is an

Fσ-set and F ⊆ E ⊆ U. Further, for each k we have

|U \F | ≤ |Uk\Fk| <
1

k
,

so |U \F | = 0. Thus statement (c) holds.

(c) ⇒ (a). Suppose that there exists a Gδ-set G and an Fσ-set H such
that H ⊆ E ⊆ G and |G\H | = 0. Then by monotonicity,

|G\E|e ≤ |G\H | = 0.

Hence G is a Gδ-set that contains E and satisfies |G\E|e = 0. Therefore E
is measurable by Lemma 2.2.21.

2.3.12 Let Q be a cube in Rd with sides of length s. By the Pythagorean
Theorem, the diameter of this cube is d1/2s. That is, x and y are any two
points in Q, then ‖x− y‖ ≤ d1/2s. Since f is Lipschitz, it follows that

‖f(x)− f(y)‖ ≤ K ‖x− y‖ ≤ Kd1/2s.

Thus, the diameter of the set f(Q) is at most Kd1/2s. Consequently f(Q) is
contained in a closed ball of diameter at most Kd1/2s, and hence is contained
in a cube with sidelengths Kd1/2s. Therefore the measure of f(Q) is at most

|f(Q)|e ≤ (Kd1/2s)d = Kddd/2sd = C |Q|,

where C = 2dKddd/2 is a fixed constant that does not depend on the box Q.

2.3.17 Since |An| → |E|, we can choose n1 < n2 < · · · so that
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|E\Ank
| = |E| − |Ank

| < 2−k |E|, k ∈ N.

Note that the first equality on the preceding line holds because E has finite
measure (see Lemma 2.3.1).

Let A = ∩Ank
. Applying Lemma 2.3.1 again, we compute that

|E| − |A| = |E\A| =
∣∣∣E \

∞⋂
k=1

Ank

∣∣∣

=
∣∣∣
∞⋃
k=1

(E\Ank
)
∣∣∣

≤

∞∑

k=1

|E\Ank
|

<
∞∑

k=1

2−k|E| = |E|.

Rearranging, we see that |A| > 0.

To see that this can fail if the measure of E is infinite, set E = R and
An = [2n, 2n+1]. Then |An| = 2n → ∞ = |E|, but ∩Ank

= ∅ for every choice
of indices n1 < n2 < · · · .

2.3.21 Suppose that no such point x exists. Then for each x ∈ E there is
some δx > 0 such that

|E ∩Bδx(x)| = 0.

By Exercise 2.3.20(d), there exists a compact set K ⊆ E such that |K| > 0.
Then {Bδx(x)}x∈E is an open cover of K, so there must exist finitely many
points x1, . . . , xN ∈ E such that

K ⊆
N⋃

k=1

Bδk(xk), where δk = δxk
.

But then

K = K ∩ E ⊆
N⋃

k=1

(
Bδk(xk) ∩ E

)
,

so

|K| ≤

N∑

k=1

∣∣Bδk(xk) ∩ E
∣∣ =

N∑

k=1

0 = 0,

which is a contradiction.

2.4.10 We will take the (longer) approach of generalizing the Steinhaus
Theorem to higher dimensions.

Step 1. Let Q = [0, s]d. We claim that if t = (t1, . . . , td) ∈ Rd, then
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|Q ∩ (Q+ t)| ≤

d∑

k=0

(
d

k

)
sk ‖t‖d−k.

First assume that 0 ≤ tk for every k. In this case we have 0 ≤ tk ≤ ‖t‖ for
every k, so

Q ∪ (Q+ t) ⊆ [0, s+ ‖t‖]d,

and therefore, by the Binomial Theorem,

|Q ∪ (Q+ t)| ≤ (s+ ‖t‖)d =

d∑

k=0

(
d

k

)
sk ‖t‖d−k.

A similar argument applies if any tk is negative, so the claim follows.

Step 2. Now we generalize the Steinhaus Theorem.We claim that if E ⊆ Rd

is Lebesgue measurable and |E| > 0, then the set of differences

E − E =
{
x− y : x, y ∈ E

}

contains an open ball Br(0) for some r > 0.
To see this, we apply Problem 2.2.39 and conclude that there exists a cube

Q such that the measure of the set F = E ∩Q satisfies

|F | = |E ∩Q| >
3

4
|Q|. (A)

The statement of Steinhaus’ Theorem is invariant under translations, so by
translating E, F, and Q we can assume that Q = [0, s]d where s > 0.

Choose any t ∈ Rd. If F and F + t are disjoint, then we must have

2sd = 2 |Q| < 2 ·
4

3
|F | (by equation (A))

=
4

3
|F ∪ (F + t)| (since F and F + t are disjoint)

≤
4

3
|Q ∪ (Q+ t)| (by monotonicity)

≤
4

3

d∑

k=0

(
d

k

)
sk ‖t‖d−k (by the Lemma). (B)

However,

lim
‖t‖→0

4

3

d∑

k=0

(
d

k

)
sk ‖t‖d−k =

4

3
sd < 2sd.

Therefore if ‖t‖ is small enough then equation (B) cannot hold. Hence there
is some r > 0 such that
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‖t‖ < r =⇒ F and F + t are not disjoint.

Therefore, if ‖t‖ < r then there is some point x ∈ F ∩ (F + t). So, x = y + t
for some y ∈ F, which implies that t = x− y ∈ F −F. This shows that F −F
contains the open ball Br(0), and therefore E − E must contain this ball as
well.

Step 3. Define a relation on Rd by declaring that x ∼ y if and only if every
component of x − y is rational. This is an equivalence relation, so by the
Axiom of Choice there exists a set N that contains exactly one element of
each distinct equivalence class of this relation.

The distinct equivalence classes partition Rd, so their union is Rd. There-
fore

Rd =
⋃

x∈N

(Qd + x) =
⋃

x∈N

⋃
r∈Qd

{r + x} =
⋃

r∈Qd

(N + r).

Since exterior Lebesgue measure is translation-invariant, the exterior measure
of N + r is exactly the same as the exterior measure of N. Combining this
fact with countable subadditivity, we see that

∞ = |R|e =

∣∣∣∣
⋃

r∈Qd

(N + r)

∣∣∣∣
e

≤
∑

r∈Qd

|N + r|e =
∑

r∈Qd

|N |e.

Consequently, we must have |N |e > 0. However, any two distinct points
x 6= y in N belong to distinct equivalence classes of the relation ∼, so some
component of x and y must differ by an irrational amount. Therefore N −N
contains no open balls, so the Steinhaus Theorem implies that N cannot be
Lebesgue measurable.

3.1.18 (a) “⇐.” Suppose that f−1(U) is measurable for each open set U ⊆ R.
Then for each a ∈ R we have that

{f > a} = {x ∈ Rd : a < f(x)} = f−1(a,∞)

is measurable, so f is measurable.

“⇒.” Suppose that f : Rd → R is measurable, and let U ⊆ R be any open
set. Then we can write U as a countable disjoint union of open intervals
(possibly including infinite open intervals), say U = ∪(aj , bj). Since

f−1(aj , bj) = {aj < f < bj} = {aj < f} ∩ {f < bj},

we conclude that f−1(aj , bj) is measurable for each j, and hence f−1(U) =
∪f−1(aj , bj) is measurable.

(b) “⇒.” Suppose that f : Rd → C is measurable. Then its real part fr and
its imaginary part fi are both measurable. For simplicity let us identify C

with R2. In particular, with this identification we write f(x) = (fr(x), fi(x)).
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Given an open strip (a, b)× R in C, we have

f−1
(
(a, b)× R

)
= f−1

r (a, b),

which is measurable since fr is measurable.. Similarly,

f−1
(
R× (c, d)

)
= f−1

i (c, d)

is measurable. Consequently the inverse image of the open rectangle

(a, b)× (c, d) =
(
(a, b)× R

)
∩
(
R× (c, d)

)

is measurable. Every open subset of C can be written as a countable union
of open rectangles, so it follows that f−1(U) is measurable for every open set
U ⊆ C.

“⇐.” Suppose that the inverse image of any open subset ofC is measurable.
Again identifying C with R2, if we fix a ∈ R then the set (a,∞)× R is open
in C. Hence

{fr > a} = f−1
r (a,∞) = f−1

(
(a,∞)× R

)

is measurable. Therefore fr is a measurable function, and similarly fi is mea-
surable, so we conclude that f is measurable.

3.2.16 Case 1: c ∈ R. Without loss of generality, consider c = 0. Define

Z1 = {f = ∞} ∩ {g = −∞},

Z2 = {f = −∞} ∩ {g = ∞}.

The sets Z1 and Z2 are measurable since f and g are measurable. Therefore

Z = Z1 ∪ Z2

is a measurable set as well.
Define

F (x) = (f · χZC)(x) =

{
f(x), x /∈ Z,

0, x ∈ Z,

and

G(x) = (g · χZC)(x) =

{
g(x), x /∈ Z,

0, x ∈ Z.

The function h defined in the problem statement is h = F +G.
Fix a ∈ R. If a > 0 then

{F > a} = {f > a} \ Z.
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If a ≤ 0 then
{F > a} = {f > a} ∪ Z.

In any case, {F > a} is measurable, so F is a measurable function. Simi-
larly, G is measurable. Hence a−G = a+(−1)G is measurable, and therefore

{h > a} = {F +G > a} = F > a−G

is measurable. Consequently h is a measurable function.

Case 2: c = ∞. Define

F (x) =

{
f(x), x /∈ Z,

∞, x ∈ Z,

and

G(x) =

{
g(x), x /∈ Z,

∞, x ∈ Z,

so h = F +G. If a ∈ R then

{F > a} = {f > a} ∪ Z,

which is measurable. Hence F is measurable and likewise G is measurable.
A lemma from the text therefore implies as before that {F > a − G} is
measurable, and this is the same set as {h > a}.

Case 3: c = −∞. This is similar to Case 2.

3.3.8 “⇒.” Suppose that fn → f in L∞-norm. For each n, let

Zn = {|f − fn| > ‖f − fn‖∞}.

By definition of the L∞-norm, each set Zn has measure zero. Therefore the
set

Z =
∞⋃

n=1
Zn

also has measure zero.
If x /∈ Z, then x /∈ Zn for any n, so |f(x)−fn(x)| ≤ ‖f−fn‖∞ for every n.

Letting ‖f − fn‖u denote the uniform norm on the set E\Z, we therefore
have

‖f − fn‖u = sup
x∈E\Z

|f(x)− fn(x)| ≤ ‖f − fn‖∞ → 0 as n → ∞.

Thus fn converges uniformly to f on E\Z.

“⇐.” Suppose that Z is a set of measure zero such that fn → f uniformly
on E\Z. Letting ‖f − fn‖u denote the uniform norm on the set E\Z, we
have
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|f(x)− fn(x)| ≤ ‖f − fn‖u, all x ∈ E\Z.

As Z has measure zero, we therefore have

|f(x)− fn(x)| ≤ ‖f − fn‖u, a.e. x ∈ E.

Hence
‖f − fn‖∞ ≤ ‖f − fn‖u.

The opposite inequality follows by definition. Therefore

‖f − fn‖∞ = ‖f − fn‖u → 0 as n → ∞.

Thus fn converges to f in L∞-norm on E.

3.4.5 (a) fn = χ[−n,n] converges pointwise to the constant function f = 1,
but the convergence is not uniform on any unbounded subset of R.

Another example is fn(x) = x/n, which converges pointwise to the zero
function, but the convergence is not uniform on any unbounded subset of R.

(b) Suppose that |E| > 0. Even if each fn is finite a.e., we must require f to
be finite a.e. For example, if fn(x) = n for x ∈ E, then fn is finite everywhere
and fn converges pointwise to the function f = ∞, but the convergence is
not uniform on any subset of E.

3.5.16 The proof is similar to that of Problem 1.1.20.
Fix ε > 0 and η > 0, and let

γ = min{ε, η}.

Since fnk

m
→ f, there exists some K > 0 such that

nk > K =⇒
∣∣{|f − fnk

| > γ}
∣∣ < γ.

Since {fn}n∈N is Cauchy in measure, there exists an N such that

m,n > N =⇒
∣∣{|fm − fn| > γ}

∣∣ < γ.

Suppose that n > N. Then since the nk are strictly increasing, there exists
some nk that is greater than both K and N. Since

{|f − fn| > 2ε} ⊆ {|f − fn| > 2γ} ⊆ {|f − fnk
| > γ} ∪ {|fnk

− fn| > γ},

we have

∣∣{|f − fn| > 2ε}
∣∣ ≤

∣∣{|f − fnk
| > γ}

∣∣ +
∣∣{|fnk

− fn| > γ}
∣∣ < γ+ γ ≤ 2η.

This is true for all n > N, so

lim
n→∞

∣∣{|f − fn| > 2ε}
∣∣ = 0.
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That is, fn
m
→ f.

4.1.3 (e) If
∫
Ak

φ = ∞ for some k then there is nothing to prove, so we may

assume that
∫
Ak

φ < ∞ for every k. If we set A0 = ∅, then

∞⋃
k=1

Ak =
∞⋃
j=1

(Aj \Aj−1),

and the sets on the right-hand side above are disjoint. Further,

Aj+1 = Aj ∪ (Aj+1 \Aj),

and the sets on the right are disjoint. Lemma 4.1.2 therefore implies that

∫

Aj+1

φ =

∫

Aj

φ +

∫

Aj+1 \Aj

φ,

where all of these integrals are finite. Applying Lemma 4.1.2 again, we see
that

∫

A

φ =

∞∑

j=1

∫

Aj \Aj−1

φ

= lim
N→∞

N∑

j=1

(∫

Aj

φ −

∫

Aj−1

φ

)

= lim
N→∞

∫

AN

φ −

∫

A0

φ

= lim
N→∞

∫

AN

φ.

4.2.11 Let En = E ∩ [−n, n]d, and set fn = fχEn
. Then 0 ≤ fn ≤ f and

fn → f pointwise, so Problem 4.2.9 implies that

lim
n→∞

∫

En

f = lim
n→∞

∫

E

fn =

∫

E

f.

The result therefore follows by taking A = En with n large enough.

4.3.9 Given a measurable set E ⊆ Rd, we have

∫

Rd

χE(x − a) dx =

∫

Rd

χE+a(x) dx = |E + a| = |E| =

∫

Rd

χE(x) dx.

Hence the integral of a characteristic function is invariant under translations.
Taking linear combinations, this fact extends to simple functions. Given a
nonnegative function f : Rd → [0,∞], there exist simple functions φn that
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increase pointwise to f. The functions φn(x−a) increase pointwise to f(x−a),
so by applying the Monotone Convergence Theorem we see that

∫

Rd

f(x− a) dx = lim
n→∞

∫

Rd

φn(x− a) dx

= lim
n→∞

∫

Rd

φn(x) dx

=

∫

Rd

f(x) dx.

Now suppose that f : Rd → [−∞,∞] is an arbitrary extended real-valued
function whose integral exists. Then the integrals of f+ and f− both exist,
with at most one of these being infinite. Applying the translation-invariance
proved for nonnegative functions, it follows that

∫

Rd

f(x− a) dx =

∫

Rd

f+(x − a) dx −

∫

Rd

f−(x − a) dx

=

∫

Rd

f+(x) dx −

∫

Rd

f−(x) dx

=

∫

Rd

f(x) dx.

Finally, if f is complex-valued then we write f = fr + ifi and use the fact
that the integrals of fr and fi are invariant under translations.

The proof for invariance under reflection is similar, starting with the cal-
culation

∫

Rd

χE(−x) dx =

∫

Rd

χ−E(x) dx = | − E| = |E| =

∫

Rd

χE(x) dx.

This equality then extends by cases to generic functions.

An alternative approach is to use Problem 4.2.17, i.e., compare the regions
under the graph of f(x− a) or f(−x) to the region under the graph of f(x).

4.4.17 (a) Since f is integrable, it is finite a.e. Let h(x) = f(x) whenever
f(x) is finite, and set h(x) = 0 when f(x) = ±∞. Then h is measurable
and finite at every point. Therefore g(x)−h(x) never takes an indeterminate
form. As h and g are both measurable, it follows from Lemma 3.2.1 that g−h
is measurable. As g− f = g− h a.e., it follows that g− f is also measurable.

Since g ≥ f a.e., we have g− ≤ f− a.e. As f is integrable, it follows that

0 ≤

∫

E

g− ≤

∫

E

f− ≤

∫

E

|f | < ∞.
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Further,
∫
E
g+ exists as a nonnegative, extended real number. Therefore the

integral of g on E exists, and

−∞ <

∫

E

g ≤ ∞.

Also, g − f ≥ 0 a.e., so the integral of g − f exists and is a nonnegative,
extended real number.

If g is integrable, then by the linearity of the integral for integrable func-
tions, we immediately obtain

∫

E

(g − f) =

∫

E

g −

∫

E

f,

so in this case we are finished. On the other hand, if g is not integrable, then
we must have

∫
E g+ = ∞ and therefore

∫

E

g =

∫

E

g+ −

∫

E

g− = ∞.

Since f is integrable, it follows that

∫

E

g −

∫

E

f = ∞.

As g is not integrable, f is integrable, and the sum of integrable functions is
integrable, the function g − f cannot be integrable. Since g − f ≥ 0 a.e., we
therefore have ∫

E

(g − f) = ∞.

Consequently, ∫

E

(g − f) = ∞ =

∫

E

g −

∫

E

f.

(b) First we consider the extension of the MCT.
Suppose that fn ≥ g a.e., where g is integrable, and fn ր f on E. Then

fn − g ≥ 0 for every n, and fn − g ր f − g a.e. Applying part (a) and
the Monotone Convergence Theorem (or more precisely the MCT variation
derived in Theorem 4.3.7), we therefore obtain

∫

E

f −

∫

E

g =

∫

E

(f − g)

= lim
n→∞

∫

E

(fn − g)
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= lim
n→∞

(∫

E

fn −

∫

E

g

)

=

(
lim
n→∞

∫

E

fn

)
−

∫

E

g.

As
∫
E
g is finite, it follows that

∫

E

f = lim
n→∞

∫

E

fn.

Now we consider the extension of Fatou’s Lemma. The argument is similar.
Assume that fn ≥ g a.e., where g is integrable, and let f = lim inf fn. Then
fn − g ≥ 0 a.e., so by Fatou’s Lemma and part (a) we have

∫

E

f −

∫

E

g =

∫

E

(f − g)

=

∫

E

lim inf
n→∞

(fn − g)

≤ lim inf
n→∞

∫

E

(fn − g)

= lim inf
n→∞

(∫

E

fn −

∫

E

g

)

=

(
lim inf
n→∞

∫

E

fn

)
−

∫

E

g.

As g is integrable, it follows that

∫

E

f ≤ lim inf
n→∞

∫

E

fn.

To see that the assumption that g is integrable is necessary, let E = R

and consider fn = − 1
n . Then fn ≥ −1 for every n and fn ր 0, but

∫

R

fn = −∞ →/ 0 =

∫

R

0.

Also, ∫

R

lim inf
n→∞

fn =

∫

R

0 = 0

which is strictly greater than

lim inf
n→∞

∫

R

fn = −∞.
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4.5.17 First proof. Fix ε > 0. Since f is integrable, Exercise 4.5.5 implies
that there exists a constant δ > 0 such that

∫
E |g| < ε for every measurable

set E satisfying |E| < δ. If x ∈ R and 0 ≤ h < δ, then the measure of the
interval [x, x+ h] is less than δ, so

|F (x+ h)− F (x)| =

∣∣∣∣
∫ x+h

0

f −

∫ x

0

f

∣∣∣∣ =

∣∣∣∣
∫ x+h

x

f

∣∣∣∣ ≤

∫ x+h

x

|f | ≤ ε.

A similar argument applies if −δ < h ≤ 0, so we conclude that F is uniformly
continuous.

Second proof. Given x, a ∈ R, we compute that

|F (x− a)− F (x)| =

∣∣∣∣
∫ x−a

−∞

f(t) dt −

∫ x

−∞

f(t) dt

∣∣∣∣

=

∣∣∣∣
∫ x

−∞

f(t− a) dt −

∫ x

−∞

f(t) dt

∣∣∣∣

≤

∫ x

−∞

∣∣Taf(t)− f(t)
∣∣ dt

≤ ‖Taf − f‖1.

Therefore

‖TaF − F‖u = sup
x∈R

|F (x− a)− F (x)| ≤ ‖Taf − f‖1 → 0,

so F is uniformly continuous by Problem 1.3.6.

4.6.24 We are given that

M =

∞∑

n=1

‖fn‖1 < ∞,

i.e., the series
∑

fn converges absolutely in L1-norm. Since each fn is inte-
grable, it follows that

∞∑

n=1

∣∣∣∣
∫

E

fn

∣∣∣∣ ≤

∞∑

n=1

∫

E

|fn| =

∞∑

n=1

‖fn‖1 < ∞.

Therefore the series
∞∑

n=1

∫

E

fn

is an absolutely convergent series of scalars, so it converges to some finite
scalar.

To show that the series
∑∞

n=1 fn(x) converges a.e., set
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gN (x) =

N∑

n=1

|fn(x)| and g(x) =

∞∑

n=1

|fn(x)|.

These are series of nonnegative extended real numbers, so they converge
pointwise a.e. in the extended real sense. By the Triangle Inequality, for each
N we have

‖gN‖1 ≤

N∑

n=1

‖fn‖1 ≤ M.

Since gN ր g, the Monotone Convergence Theorem implies that

‖g‖1 =

∫

E

g = lim
N→∞

∫

E

gN

= lim
N→∞

‖gN‖1

≤ lim
N→∞

N∑

n=1

‖fn‖1 = M < ∞.

Therefore g ∈ L1(E), i.e., g is integrable on E. Hence g is finite a.e. At any
point x where g(x) < ∞, we have

g(x) =

∞∑

n=1

|fn(x)| < ∞.

Consequently, the series

f(x) =

∞∑

n=1

fn(x)

converges absolutely at almost every point x. Since |f | ≤ g, we have f ∈
L1(E). Also, if we set

hN (x) =

N∑

n=1

fn(x),

then hN → f pointwise a.e. For every N we have

|hN | ≤ gN ≤ g ∈ L1(R),

so we can apply the Dominated Convergence Theorem. The DCT tells us
that hN → f in L1-norm, and the integral of hN converges to the integral
of f. Thus

∫

E

∞∑

n=1

fn =

∫

E

f = lim
N→∞

∫

E

hN
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= lim
N→∞

∫

E

N∑

n=1

fn

= lim
N→∞

N∑

n=1

∫

E

fn =

∞∑

n=1

∫

E

fn.

5.1.5 If |x− y| ≤ 3−k, then we have |ϕ(x) − ϕ(y)| ≤ 2−k. Let k ≥ 0 be the
unique integer such that

1

3k+1
< |x− y| ≤

1

3k
.

Then

|ϕ(x) − ϕ(y)| ≤
2

2k+1
= 2

( 1

3k+1

)log3 2

≤ 2 |x− y|log3 2.

Hence ϕ is Hölder continuous with exponent α = log3 2.
Fix 0 < β < α = log3 2. If x, y ∈ [0, 1] then |x− y| ≤ 1, so

|ϕ(x) − ϕ(y)| ≤ 2 |x− y|α = 2 |x− y|α−β |x− y|β ≤ 2 |x− y|β .

Hence ϕ is Hölder continuous with exponent β.
On the other hand,

|ϕ(3−k)− ϕ(0)| = |2−k − 0| = 2−k = (3−k)log3 2.

It follows ϕ cannot be Hölder continuous for any exponent α > − log3 2.

5.2.4 (a) Since f(x) = x sin(1/x), we have for h 6= 0 that

f(0 + h)− f(0)

h− 0
=

h sin 1
h

h
= sin

1

h
.

Since this quantity does not converge as h → 0, we see that f is not differ-
entiable at x = 0.

For n ∈ N, we have

∣∣∣f
( 2

nπ

)∣∣∣ =
2

nπ

∣∣∣sin
(nπ

2

)∣∣∣ =

{
2
nπ , n odd,

0, n even.

Therefore,
N∑

k=1

∣∣∣f
(

2

(k + 1)π

)
− f

( 2

kπ

)∣∣∣ ≥
∑

j=1,...,N
j odd

2

jπ
.

Hence, if we set
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ΓN =
{
−1, 0,

2

Nπ
,

2

(N − 1)π
, . . . ,

2

π
, 1
}
,

then

SΓN
≥

∑

j=1,...,N
j odd

2

jπ
.

Since supSΓN
= ∞, we see that f does not have bounded variation.

5.2.23 (a) We are given complex-valued functions fn on [a, b] that converge
pointwise to a limit f. Let Γ = {a = x0 < · · · < xn = b} be any partition of
[a, b]. Then, using the discrete version of Fatou’s Lemma, we compute that

SΓ [f ; a, b] =

n∑

j=1

|f(xj)− f(xj−1)|

=

n∑

j=1

lim inf
n→∞

|fn(xj)− fn(xj−1)|

≤ lim inf
n→∞

n∑

j=1

|fn(xj)− fn(xj−1)|

= lim inf
n→∞

SΓ [fn; a, b]

≤ lim inf
n→∞

V [fn; a, b].

Taking the supremum over all partitions Γ, it follows that

V [f ; a, b] ≤ lim inf
n→∞

V [fn; a, b].

5.3.5 Let the balls Bk be constructed just as in the proof of Theorem 5.3.3.
If the construction process stops after a finite number of steps then we are
done, so suppose that the process does not end.

Choose any point x ∈ E \
⋃∞

k=1 Bk. Then given N ∈ N we have x ∈

E \
⋃N

k=1 Bk. The argument of the proof of Theorem 5.3.3 shows that we
then have x ∈ B∗

n for some n > N. Therefore

∣∣∣∣E \
∞⋃
k=1

Bk

∣∣∣∣
e

≤

∣∣∣∣E \
N⋃

k=1

Bk

∣∣∣∣
e

≤

∞∑

k=N+1

|B∗
k| = 5d

∞∑

k=N+1

|Bk|.

But N is arbitrary and
∑

|Bk| < ∞, so this implies that E \
⋃∞

k=1 Bk has
measure zero.

5.4.6 First assume that there is some δ > 0 such that D+f ≥ δ on (a, b).
Fix a < x < y < b. Since f is continuous on the closed bounded interval
[x, y], it has a max at some point in that interval, say at x0. Suppose that
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x ≤ x0 < y. Then for all x0 < t < y we have

f(t)− f(x0)

t− x0
≤ 0,

and therefore

D+f(x0) = lim sup
t→x+

0

f(t)− f(x0)

t− x0
≤ 0.

This is a contradiction. Therefore f must achieve its maximum on [x, y] at the
point y. Consequently f(x) ≤ f(y). This shows that f is monotone increasing
on (a, b). Since f is continuous, it follows that f is monotone increasing on
all of [a, b].

Now suppose that we just have D+f ≥ 0 on (a, b). Fix δ > 0, and let
g(x) = f(x)+ δx, which is continuous. The limsup of a sum is not the sum of
limsups in general, but it is if one of the limsups is a limit. That is the case
here:

D+g(x) = lim sup
t→x+

g(t)− g(x)

t− x

= lim sup
t→x+

f(t)− f(x)

t− x
+ lim

t→x+

δt− δx)

t− x

= D+f(x) + δ ≥ δ.

Our work above therefore implies that g is monotone increasing on [a, b].
Hence, given any a ≤ x < y ≤ b we have

f(x) + δx = g(x) ≤ g(y) = f(y) + δy.

Rearranging,
f(y)− f(x) ≥ δ(y − x).

Letting δ → 0, we obtain f(y)−f(x) ≥ 0. Thus f(x) ≤ f(y), so f is monotone
increasing on [a, b].

5.5.17 Since Bh(x) is one of the open balls that contain x, we immediately
obtain Mf(x) ≤ M∗f(x).

Suppose that B is any open ball that contains x. Then B = Br(y) for
some point y and some radius r > 0, and ‖x− y‖ < r.

Let z be any point in B. Then ‖y − z‖ < r, so

‖x− z‖ ≤ ‖x− y‖+ ‖y − z‖ < r + r = 2r.

Hence z ∈ B2r(x). This shows that B ⊆ B2r(x). Note that

|B| = Cdr
d and |B2r(x)| = Cd(2r)

d = Cd2
drd
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where Cd is a constant that depends only on the dimension. Therefore |B| =
2−d|B2r(x)|, so

1

|B|

∫

B

|f | ≤
1

2−d|B2r(x)|

∫

B2r(x)

|f | ≤
1

2−d
Mf(x) = 2dMf(x).

Taking the supremum over all open balls B that contain x, it follows that

M∗f(x) ≤ 2dMf(x).

6.1.7 “⇒.” Assume that f ∈ AC[a, b] and fix ε > 0. Let δ be the number
whose existence is given in definition of absolute continuity. Assume that
{[aj, bj ]} is any countable collection of nonoverlapping subintervals of [a, b]
such that ∑

j

(bj − aj) < δ.

Then, by definition of absolute continuity, we have

∑

j

|f(bj)− f(aj)| < ε.

For any complex number z = zr + izi we have

|zr| ≤
(
|zr|

2 + |zi|
2
)1/2

= |z|.

Therefore

∑

j

|fr(bj)− fr(aj)| ≤
∑

j

|f(bj)− f(aj)| < ε.

Therefore fr is absolutely continuous, and a similar argument shows that fi
is absolutely continuous.

“⇐.” Assume that fr and fi are each absolutely continuous. Fix ε > 0,
and let δr and δi be the numbers whose existence is given by applying the
definition of absolute continuity to fr and fi, respectively. Let

δ = min{δr, δi}.

Assume that {[aj , bj]} is any countable collection of nonoverlapping subin-
tervals of [a, b] such that

∑

j

(bj − aj) < δ.

For any complex number z = zr + izi we have
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|z| = |zr + izi| ≤ |zr|+ |zi|.

Therefore

∑

j

|f(bj)− f(aj)| ≤
∑

j

(
|fr(bj)− fr(aj)| + |fi(bj)− fi(aj)|

)

< ε+ ε = 2ε.

Therefore f is absolutely continuous.

6.2.5 Suppose that f is differentiable a.e. on E ⊆ [a, b], and A ⊆ E is
such that f(x) = c for every x ∈ A. Write f = g + ih where g and h are
real-valued. Then g is differentiable a.e. on A and g(x) = Re(c) for x ∈ A.
Therefore g(A) = {Re(c)}, which has measure zero. Corollary 6.2.3 therefore
implies that g′ = 0 a.e. on A. A similar argument shows that h′ = 0 a.e.
on A, so it follows that f ′ = g′ + ih′ = 0 a.e. on A.

6.3.5 The measure of

f(X) = {f(x) : x ∈ X} = {fr(x) + ifi(x) : x ∈ X}

as a subset of C is defined to be the measure of the set

A =
{(

fr(x), fi(x)
)
: x ∈ X

}

as a subset of R2. Note that

A ⊆
{(

fr(x), fi(y)
)
: x, y ∈ X

}
= fr(X)× fi(X).

Therefore
|f(X)| = |A| ≤ |fr(X)| |fi(X)|.

Consequently, if fr(X) and fi(X) each have measure zero, then f(X) has
measure zero.

To show that the converse implication can fail, define f : [0, 1] → C by

f(x) = x = x+ 0i, x ∈ [0, 1].

Then f [0, 1] is contained in the real axis in C, so it has measure zero. Yet

|fr[0, 1]| = |[0, 1]| = 1.

Another example is f : [0, 1] → C defined by f(x) = x + ix. In this case
we have |f [0, 1]| = 0 while |fr[0, 1]| = |fi[0, 1]| = 1.

6.3.9 First proof. Since g is continuous, its indefinite integral F (x) =∫ x

a g(t) dt is absolutely continuous. Further, since g is continuous, Exercise

5.2.8 tells us that F is differentiable everywhere and F ′(x) = g(x) for every
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x ∈ [a, b]. Hence (F − f)′ = F ′ − f ′ = g− g = 0 a.e. Corollary 6.3.4 therefore
implies that F − f is constant. Hence f = F + c, so f is differentiable at all
points and f ′(x) = g(x) for all x ∈ [a, b].

Second proof. This proof uses the Fundamental Theorem of Calculus for
absolutely continuous functions.

Since g is continuous, every point is a Lebesgue point of g. Suppose that
x ∈ (a, b). We have x+ h ∈ (a, b) for all |h| is small enough, so

g(x) = lim
h→0

1

h

∫ x+h

x

g(t) dt Fund. Thm. Calculus

= lim
h→0

1

h

∫ x+h

x

f ′(t) dt since f ′ = g a.e.

= lim
h→0

f(x+ h)− f(x)

h
since f ∈ AC[a, b].

This shows that f is differentiable at all points in (a, b), and it also shows
that f ′(x) = g(x) for all x ∈ (a, b).

If x = a then the same calculation is valid if we take limits from the right:

g(a) = lim
h→0+

1

h

∫ a+h

a

g(t) dt Fund. Thm. Calculus

= lim
h→0+

1

h

∫ a+h

a

f ′(t) dt since f ′ = g a.e.

= lim
h→0+

f(a+ h)− f(a)

h
since f ∈ AC[a, b].

Therefore f is differentiable from the right at the point a and we have f ′(a) =
g(a). A similar argument shows that f ′(b) = g(b).

6.4.14 Each fn is absolutely continuous, so the Fundamental Theorem of
Calculus implies that

∫ x

0

f ′
n = fn(x)− fn(0) = fn(x), x ∈ [0, 1].

Since x−1/2 is integrable on [0, 1], we have h ∈ L1[0, 1]. Therefore, the function

f(x) =

∫ x

0

h, x ∈ [0, 1],

is well-defined and is absolutely continuous on [0, 1]. Further, h−f ′
n → 0 and

|h− f ′
n| ≤ |h|+ |f ′

n| ≤ 2x−1/2 ∈ L1[0, 1].

It therefore follows from the Dominated Convergence Theorem that
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lim
n→∞

∫ 1

0

|h− f ′
n| = 0.

Hence,

sup
0≤x≤1

|f(x)− fn(x)| = sup
0≤x≤1

∣∣∣∣
∫ x

0

(h− f ′
n)

∣∣∣∣

≤ sup
0≤x≤1

∫ x

0

|h− f ′
n|

≤

∫ 1

0

|h− f ′
n|

→ 0 as n → ∞.

Thus we have shown that fn → f uniformly.

6.5.10 The change of variable formulas that we would like to apply is formu-
lated in terms of monotone increasing functions, yet we would like to use it
with the monotone decreasing function 1/t. For each monotone increasing re-
sult there is an analogous monotone decreasing result, but for preciseness we
will will formulate this proof so that it uses the monotone increasing function
−1/t instead of 1/t.

Fix k ∈ N, and let
fk(x) = f(x)x−2k.

We know that fk is integrable on [1,∞) since f is integrable and x−2k is
bounded on that interval.

Define g(t) = −1/t for t 6= 0, and for t ≤ −1 set

hk(t) = fk
(
− 1

t

)
t−2, = f

(
− 1

t

)
t2k t−2, t ≤ −1.

Fix 0 < δ < 1, and set d = 1/δ. Then g is monotone increasing on the interval
[−1,−δ], and g maps [−1,−δ] onto [1, 1/δ]. The function |fk| is integrable on
[1, 1/δ]. Corollary 6.5.8 therefore implies that

|hk(t)| = |fk
(
− 1

t

)
| t−2 = |fk(g(t))| g

′(t)

is measurable, and

∫ −δ

−1

|hk(t)| dt =

∫ −δ

−1

|fk(g(t))| g
′(t) dt =

∫ 1/δ

1

|fk(x)| dx < ∞.

Therefore hk is integrable on [−1,−δ]. Further, the Monotone Convergence
Theorem implies that
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∫ 0

−1

|hk(t)| dt = lim
δ→0

∫ −δ

−1

|hk(t)| dt

= lim
δ→0

∫ 1/δ

1

|fk(x)| dx =

∫ ∞

1

|fk(x)| dx < ∞.

Therefore hk is integrable on [−1, 0].
Applying the same argument without absolute values we obtain

∫ −δ

−1

hk(t) dt =

∫ −δ

−1

fk(g(t)) g
′(t) dt =

∫ 1/δ

1

fk(x) dx.

Now that we know that hk is integrable, we can apply the DCT to obtain

∫ 0

−1

hk(t) dt =

∫ ∞

1

fk(x) dx.

Now,
hk(t) = fk

(
− 1

t

)
t−2, = f

(
− 1

t

)
t2k t−2, = h0(t) t

2n.

Therefore h0 is an integrable function on [−1, 0] that satisfies

∫ 0

−1

h0(t) t
2k dt =

∫ 0

−1

hk(t) dt =

∫ ∞

1

fk(x) dx =

∫ ∞

1

f(x)x−2k dx = 0.

This is true for every k ∈ N. Consequently,

∫ 0

−1

t2 h0(t) t
2k dt = 0, k = 0, 1, 2, . . . .

Therefore t2 h0(t) = 0 a.e. by Problem 6.4.21(b). (Technically, that problem
uses the interval [0, 1] instead of [−1, 0], but an entirely symmetrical argument
shows that we can replace [0, 1] by [−1, 0] in Problem 6.4.21.) Therefore h = 0
a.e.

6.6.13 The series
∞∑

n=1

2−nan (A)

converges to a nonnegative real number since we have 0 < an ≤ 1 for every n.
The fact that 0 < an ≤ 1 also impleis that ln an ≤ 0 for every n. Therefore

every term of the series

∞∑

n=1

2−n ln an (B)

is negative. Consequently the series converges in the extended real sense,
though the sum could be either −∞ or a nonpositive real number. If the sum
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is −∞ then there is nothing to prove, so we may assume that the series in
equation (B) converges to a finite, nonpositive, real number.

Fix any N ∈ N. Since − lnx is convex on (0,∞), the Discrete Jensen
Inequality tells us that

− ln

(∑N
n=1 2

−nan∑N
n=1 2

−n

)
≤ −

∑N
n=1 2

−n ln an∑N
n=1 2

−n
.

Rearranging and evaluating the sum of 2−n, we obtain

N∑

n=1

2−n ln an ≤ (1 − 2−N) ln

(∑N
n=1 2

−nan
1− 2−N

)
.

Since the series in equations (A) and (B) both converge and since lnx is a
continuous function, it follows that

∞∑

n=1

2−n ln an = lim
N→∞

N∑

n=1

2−n ln an

≤ lim
N→∞

(
(1 − 2−N) ln

(∑N
n=1 2

−nan
1− 2−N

))

= 1 · ln

(∑∞
n=1 2

−nan
1

)

= ln

(
∞∑

n=1

2−nan

)
.

Remark: An alternative approach is use the convexity of ex to prove that

exp

(
∞∑

n=1

2−n ln an

)
≤

∞∑

n=1

2−nan.

7.1.19 If p = 1, then

∞∑

k=1

|xk|

k
≤

∞∑

k=1

|xk| = ‖x‖1 < ∞.

If 1 < p < ∞ then we have 1 < p′ < ∞. Applying Hölder’s Inequality, it
follows that

∞∑

k=1

|xk|

k
≤

( ∞∑

k=1

|xk|
p

)1/p( ∞∑

k=1

1

kp′

)1/p′

= ‖x‖p

( ∞∑

k=1

1

kp′

)1/p′

< ∞.
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If p = ∞ and we set xk = 1 for every k, then

∞∑

k=1

|xk|

k
=

∞∑

k=1

1

k
= ∞.

7.1.23 Case 1 < p < ∞. By Exercise 7.1.5, equality holds in ab ≤ ap

p + bp
′

p′

if and only if b = ap−1. For the normalized case ‖x‖p = ‖y‖p′ = 1, equality
in Hölder’s Inequality requires that we have equality in equation (7.9), and
this will happen if and only if |yk| = |xk|

p−1 for each k. This is equivalent to

|yk|
p′

= |yk|
p/(p−1) = |xk|

p.

For the nonnormalized case, if x, y 6= 0 then equality holds in Hölder’s In-
equality if and only if it holds when we replace x and y by x/‖x‖p and
y/‖y‖p′. Therefore, we must have

|yk|
p′

‖y‖p
′

p′

=

(
|yk|

‖y‖p′

)p′

=

(
|xk|

‖x‖p

)p

=
|xk|

p

‖x‖pp
, k ∈ I.

Hence α |xk|
p = β |yk|

p′

with α = ‖y‖p
′

p′ and β = ‖x‖pp. On the other hand, if
either x = 0 or y = 0, then we have equality in Hölder’s Inequality, and we
also have α |xk|

p = β |yk|
p′

with α, β not both zero.
For the converse direction, suppose that α |xk|

p = β |yk|
p′

for each k ∈ I,
where α, β ∈ C are not both zero. If α = 0, then yk = 0 for every k, and hence
we trivially have ‖xy‖1 = 0 = ‖x‖p ‖y‖p′ . Likewise, equality holds trivially if
β = 0. Therefore, we can assume both α, β 6= 0, and by dividing both sides
by β, we may assume that β = 1 and α > 0. Then we have |yk|

p′

= α |xk|
p,

so
‖y‖p

′

p′ =
∑

k∈I

|yk|
p′

= α
∑

k∈I

|xk|
p = α ‖x‖pp.

If either x = 0 or y = 0 then equality holds trivially in Hölder’s Inequality,
so let us assume both x, y 6= 0. Then we have

|yk|
p′

‖y‖p
′

p′

=
α|xk|

p

α‖x‖pp
=

|xk|
p

‖x‖pp
.

By the work above, this implies that equality holds in Hölder’s Inequality.

Case p = 1, p′ = ∞. Set M = supk |yk|. Suppose equality holds in Hölder’s
Inequality, i.e.,

∑

k∈I

|xkyk| =

(∑

k∈I

|xk|

)(
sup
k

|yk|
)
.

Then
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∑

k∈I

|xkyk| =
∑

k∈I

M |xk|.

Hence ∑

k∈I

(M − |yk|) |xk| = 0,

but 0 ≤ M −|yk| for every k, so we must have (M −|yk|) |xk| = 0 for every k.
Thus whenever xk 6= 0, we must have |yk| = M.

Conversely, if |yk| = M for all k such that xk 6= 0, equality holds in
Hölder’s Inequality.

7.2.12 (a) Case 1 ≤ p < ∞. Assume that fn ∈ Lp(E), fn → f a.e., and

C = sup
n

‖fn‖p < ∞.

Then by Fatou’s Lemma,

‖f‖pp =

∫

E

|f |p =

∫

E

lim inf
n→∞

|fn|
p ≤ lim inf

n→∞

∫

E

|fn|
p ≤ Cp,

so f ∈ Lp(E).

Case p = ∞. Assume that fn ∈ Lp(E), fn → f a.e., and

C = sup
n

‖fn‖∞ < ∞.

Then for almost every x we have

|f(x)| = lim
n→∞

|fn(x)| ≤ sup
n

‖f‖∞ ≤ C,

and therefore ‖f‖∞ ≤ C.

(b) Case 1 ≤ p < ∞. Let E = [0, 1], and set

fn(x) = x−1/p χ
[ 1
n
,1](x).

Then fn is bounded and hence belongs to Lp[0, 1]. Further, fn converges
pointwise a.e. to

f(x) = x−1/p.

However,

‖f‖pp =

∫ 1

0

|f |p =

∫ 1

0

1

x
dx = ∞,

so f /∈ Lp[0, 1].

Case p = ∞. Let E = [0, 1], and set

fn(x) =
1

x
χ
[ 1
n
,1](x).
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Then fn is bounded and hence belongs to L∞[0, 1]. Further, fn converges
pointwise a.e. to

f(x) =
1

x
.

However, ‖f‖∞ = ∞, so f /∈ L∞[0, 1].

7.3.10 Suppose that f ∈ Lp(E) where 1 ≤ p < ∞, and fix ε > 0. By
Theorem 7.3.9, there exists a compactly supported function g ∈ Lp(E) such
that ‖f − g‖p < ε.

By Corollary 3.2.15, there exist simple functions φn that converge point-
wise to f and satisfy |φn| ≤ |g| a.e. Hence |g − φn|

p → 0 a.e., and

|g − φn|
p ≤

(
|g|+ |φn|

)p
≤
(
2|g|
)p

= 2p |g|p ∈ L1(E).

The Dominated Convergence Theorem therefore implies that

‖g − φn‖
p
p =

∫

E

|g − φn|
p → 0 as n → ∞.

Hence if we choose n large enough then we will have

‖f − φn‖p ≤ ‖f − g‖p + ‖g − φn‖p ≤ 2ε.

Each function φn belong to Sc, so we conclude that Sc is dense in Lp(E).

Suppose p = ∞ and f ∈ L∞(E). Then |f(x)| ≤ ‖f‖∞ except for points x
in a set Z that has measure zero. Hence f is bounded on ZC, and therefore
Corollary 3.2.15 implies that there exist simple functions that converge uni-
formly to f on ZC. Consequently these simple functions converge in L∞-norm
to f, so the set of simple functions is dense in L∞(R).

7.3.18 Fix f ∈ Lr(E). For each k ∈ N, define

gk(x) =

{
f(x), |f(x)| ≤ k,

0, |f(x)| > k,

and set
hk = gk · χE∩[−k,k]d .

Note that

‖hk‖
p
p =

∫

E

|hk|
p =

∫

E∩[−k,k]d
|hk|

p ≤

∫

E∩[−k,k]d
kp ≤ (2k)d kp < ∞.

Therefore hk ∈ Lp(E). If q is finite, then a similar argument shows that
hk ∈ Lq(E). On the other hand, if q = ∞ then we have hk ∈ L∞(E) since
hk is bounded. In any case, we see that hk ∈ Lp(E) ∩ Lq(E).

Additionally, hk → f pointwise, so |f − hk| → 0 pointwise, and we have
|f − hk|

r ≤ |f |r ∈ L1(E). Because r is finite, we can apply the Dominated
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Convergence Theorem to obtain

lim
k→∞

‖f − hk‖
r
r = lim

k→∞

∫

E

|f − hk|
r = 0.

That is, hk → f in Lr-norm. Since hk ∈ Lp(E)∩Lq(E) for every k, it follows
that Lp(E) ∩ Lq(E) is dense in Lr(E).

7.4.6 Suppose that {fn}n∈N is a complete sequence in a normed space X,
and let

S =

{ N∑

n=1

rnfn : N > 0, Re(rn), Im(rn) ∈ Q

}
.

Then S is countable, and we claim it is dense in X. Without loss of generality,
we may assume that each vector fn is nonzero.

Choose any f ∈ X and fix ε > 0. Since span{fn} is dense in X, there
exists a vector

g =

N∑

n=1

cnfn ∈ span{fn}

such that ‖f − g‖ < ε. For each n ∈ N, choose a scalar rn with real and
imaginary parts such that

|cn − rn| <
ε

N ‖fn‖
,

and set

h =

N∑

n=1

rnfn.

Then h ∈ S and

‖g − h‖ ≤

N∑

n=1

|cn − rn| ‖fn‖ <

N∑

n=1

ε

N ‖fn‖
= ε.

Hence
‖f − h‖ ≤ ‖f − g‖+ ‖g − h‖ < 2ε.

This shows that S is dense in X.

8.1.2 (a) This follows from linearity in the first variable and the fact that

〈x, y〉 = 〈y, x〉.

(b) Given x, y ∈ H,
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‖x+ y‖2 = 〈x + y, x+ y〉

= 〈x, x〉 + 〈x, y〉+ 〈y, x〉+ 〈y, y〉

= ‖x‖2 + 2Re〈x, y〉+ ‖y‖2.

(c) This follows immediately from part (b).

(d) Given x, y ∈ H,

‖x+ y‖2 + ‖x− y‖2

= ‖x‖2 + 〈x, y〉+ 〈y, x〉+ ‖y‖2 + ‖x‖2 − 〈x, y〉 − 〈y, x〉+ ‖y‖2

= 2 ‖x‖2 + 2 ‖y‖2.

8.1.13 It is clear that 〈·, ·〉 is an inner product on H.
To show that H is complete, suppose that {fn}n∈N is a Cauchy sequence in

H. Then {fn}n∈N is a Cauchy sequence in L2[a, b], so there is some function
f ∈ L2[a, b] such that fn → f in L2-norm. Also, {f ′

n}n∈N is a Cauchy sequence
in L2[a, b], so there is some function g ∈ L2[a, b] such that f ′

n → g in L2-norm.
For future reference, note that since [a, b] has finite measure, we can use

the CBS Inequality to compute that for each function F ∈ L2[a, b] we have

‖F‖1 =

∫ b

a

|F | ≤

(∫ b

a

12
)1/2(∫ b

a

|F |2
)1/2

= (b − a)1/2 ‖F‖2.

This problem would be significantly easier if we knew that {fn(a)}n∈N was
a Cauchy sequence. However, we have not yet established that (and I do not
see an easy way to infer it). So, recall that fn is absolutely continuous, and
define

hn(x) = fn(x) − fn(a) =

∫ x

a

f ′
n, x ∈ [a, b].

For each x we therefore have

|hm(x)− hn(x)| =

∣∣∣∣
∫ x

a

(f ′
m − f ′

n)

∣∣∣∣

≤

∫ x

a

|f ′
m − f ′

n|

≤ ‖f ′
m − f ′

n‖1 ≤ (b− a)1/2 ‖f ′
m − f ′

n‖2.

Consequently

‖hm − hn‖u = sup
x

|fm(x)− fn(x)| ≤ (b − a)1/2 ‖f ′
m − f ′

n‖2.

Since {f ′
n}n∈N is Cauchy in L2-norm, we conclude that {hn}n∈N is Cauchy

with respect to the uniform norm. Since each fn is continuous and C[a, b]
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is a Banach space with respect to ‖ · ‖u, this implies that there exists some
continuous function h such that hn → h uniformly.

Since fn → f in L2-norm, there is a subsequence such that fnk
→ f a.e.

If x is such that fnk
(x) → f(x), then we also have hnk

(x) → h(x). Therefore
fnk

(a) converges, because

C = lim
k→∞

fnk
(a) = lim

k→∞

(
fnk

(x)− fnk
(x) + fnk

(a)
)

= lim
k→∞

(
fnk

(x)
)

− lim
k→∞

(
fnk

(x)− fnk
(a)
)

= f(x)− h(x).

Hence f = h+ C a.e. Thus f is equal a.e. to the continuous function h+ C.
Since f is only defined up to a set of measure zero, we can redefine f on a
set of measure zero and take f = h+ C. That is, we choose a representative
of f such that f = h+ C.

Since [a, b] has finite measure, g is integrable and we can define

G(x) =

∫ x

a

g(t) dt + C, x ∈ [a, b].

This function G is absolutely continuous and G′ = g a.e. Also, given x ∈ [a, b]
we have

|f(x)−G(x)| = lim
k→∞

|fnk
(x) −G(x)|

= lim
k→∞

∣∣∣∣
∫ x

a

f ′
nk

+ fnk
(a) −

∫ x

a

f − C

∣∣∣∣

≤ lim
k→∞

∣∣∣∣
∫ x

a

(f ′
n − g)

∣∣∣∣ + lim
k→∞

∣∣fnk
(a)− C

∣∣

≤ lim
k→∞

‖f ′
n − g‖1 + 0

≤ lim
k→∞

(b− a)1/2 ‖f ′
n − g‖2 = 0.

Hence G = f. Therefore f is absolutely continuous, f ′ = G′ = g a.e., and

‖f − fn‖ = ‖f − fn‖2 + ‖f ′ − f ′
n‖2

= ‖f − fn‖2 + ‖g − f ′
n‖2

→ 0 as n → 0.

Therefore fn → f in the norm of H, and hence H is complete.

8.2.5 E and O are clearly subspaces. If fn ∈ E and fn → f in L2-norm,
then there exists a subsequence such that fnk

→ f a.e. Therefore for almost
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every x we have

f(−x) = lim
k→∞

fnk
(−x) = lim

k→∞
fnk

(x) = f(x),

so f ∈ E. Therefore E is closed, and similarly O is closed.
If f ∈ E and g ∈ O, then f g is odd, and therefore 〈f, g〉 = 0. This shows

that E ⊆ O⊥ and O ⊆ E⊥.
Suppose that f ∈ O⊥. Given t ∈ R and h > 0, the function

χt = χ[t,t+h] − χ[−t−h,−t]

is odd, so

0 = 〈f, χt〉 =

∫ t+h

t

f −

∫ −t

−t−h

f.

Therefore
1

h

∫ t+h

t

f =
1

h

∫ −t

−t−h

f.

Applying the Lebesgue Differentiation Theorem, it follows that for almost
every t we have

f(t) = lim
h→0

1

h

∫ t+h

t

f = lim
h→0

1

h

∫ −t

−t−h

f = f(−t).

Therefore f is even. This shows that O⊥ ⊆ E, and a similar argument shows
that E⊥ ⊆ O.

8.2.13 Suppose that x, y ∈ span(A) are given. Then there exist vectors xn,
yn ∈ span(A) such that xn → x and yn → y in norm. Therefore xn + yn →
x+y in norm. As xn+yn ∈ span(A) for every n, it follows that x+y belongs to
the closure of span(A), which is span(A). Therefore span(A) is closed under
vector addition, and a similar argument shows that it is closed under scalar
multiplication. Therefore span(A) is a subspace of X. By definition span(A)
is a closed set, so it is a closed subspace.

(b) Suppose that M is a closed subspace of X and A ⊆ M. Since M
is closed under vector addition and scalar multiplication, it follows that
span(A) ⊆ M. Since M is closed under limits, it follows that M contains
every limit of elements of span(A). The set of all such limits is the closure of
the span, so we have shown that span(A) ⊆ M.

8.2.21 Suppose that gn ∈ M and gn → g ∈ L2(Rd). Then there exists a
subsequence gnk

→ g pointwise a.e. Each gnk
is zero a.e. outside of M, so it

follows that g = 0 a.e. outside of M as well. Therefore g ∈ M, and hence M
is closed.

If f ∈ L2(Rd), then p = fχE ∈ M. Let e = f − p, and choose any function
g ∈ M. Note that e(x) = 0 for a.e. x ∈ E. On the other hand, if g ∈ M then
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g(x) = 0 for a.e. x /∈ E. Therefore e(x) g(x) = 0 for a.e. x. Hence

〈e, g〉 =

∫

Rd

e(x) g(x) dx = 0.

This shows that e ∈ M⊥. Since we have written f = p+ e where p ∈ M and
e ∈ M⊥, one of the characterizations of orthogonal projections tells us that
p is the orthogonal projection of f onto M.

8.3.19 We follow the idea of the Gram–Schmidt procedure.
Suppose that H is infinite-dimensional. We proceed inductively. SinceH 6=

{0}, it contains some unit vector x1.
Once orthonormal vectors x1, . . . , xn have been constructed, let Hn =

span{x1, . . . , xn}. Then Hn 6= H, since H is infinite-dimensional. Hence there
exists a vector yn+1 /∈ Hn. Let pn+1 be the orthogonal projection of yn+1 onto
Hn. Then pn+1 6= yn+1, so en+1 = yn+1−pn+1 is not the zero vector. Letting

xn+1 =
en+1

‖en+1‖
,

we see that {x1, . . . , xn, xn+1} is an orthonormal sequence.
By repeating this forever we obtain an infinite orthonormal sequence

x1, x2, . . . .

8.3.23 (a) Suppose that
∑

‖xn‖ < ∞. This is a series of nonnegative real
numbers, so Theorem 8.3.3 implies that for any bijection σ : N → N we have∑

‖xσ(n)‖ < ∞. Therefore the series
∑

xσ(n) converges absolutely. Since X
is a Banach space, every absolutely convergent series in X converges (see
Theorem 1.2.8). Therefore

∑
xσ(n) converges in X. Since this is true for

every bijection σ, the series
∑

xn is unconditionally convergent.

(b) If H is infinite-dimensional, then it contains an infinite orthonormal
sequence {en}n∈N. Then the series

∑ 1
nen converges unconditionally (since∑

1/n2 < ∞), but it does not converge absolutely.

8.4.7 For n = 0 we have

f̂(0) =

∫ 1

0

x dx =
1

2
.

For n 6= 0, we use integration by parts with u = x and dv = e−2πinx dx to
compute that

f̂(n) =

∫ 1

0

x e−2πinx dx =
xe−2πinx

−2πin

∣∣∣∣
1

0

−

∫ 1

0

e−2πinx

−2πin
dx

=
e−2πin − 0

−2πin
−

e−2πin

(−2πin)2

∣∣∣∣
1

0

=
1

−2πin
− 0.
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Now,

‖f‖22 =

∫ 1

0

x2 dx =
x3

3

∣∣∣∣
1

0

=
1

3
.

Applying the Plancherel Equality, we therefore have

1

3
= ‖f‖22 =

∑

n∈Z

|f̂(n)|2 = |f̂(0)|2 +
∑

n6=0

|f̂(n)|2

=
1

4
+
∑

n6=0

1

4π2n2

=
1

4
+ 2

∞∑

n=1

1

4π2n2
.

Therefore
1

12
=

1

3
−

1

4
=

2

4π2

∞∑

n=1

1

n2
,

which after rearranging yields

∞∑

n=1

1

n2
=

4π2

2 · 12
=

π2

6
.

9.1.20 We use Minkowski’s Integral Inequality to compute that

‖f ∗ g‖p =

(∫ ∞

−∞

∣∣∣∣
∫ ∞

−∞

f(y) g(x− y) dy

∣∣∣∣
p

dx

)1/p

=

∥∥∥∥
∫ ∞

−∞

f(y) g(· − y) dy

∥∥∥∥
p

≤

∫ ∞

−∞

|f(y)| ‖Tyg‖p dy

=

∫ ∞

−∞

|f(y)| ‖g‖p dy

= ‖f‖1 ‖g‖p.

9.1.32 First proof, covering 1 ≤ p < ∞.
The convolution-based solution to Problem 7.4.5 for the case p = 1 can be

extended to finite p as follows.
We are given f ∈ Lp(R) such that

∫
fφ = 0 for every φ ∈ C∞

c (R). Let
k ∈ C∞

c (R) be such that
∫
k = 1, and set kN (x) = Nk(Nx). If we fix t ∈ R,

then kN (t− x) ∈ C∞
c (R), so by hypothesis we have
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(f ∗ kN )(t) =

∫ ∞

−∞

f(x) kN (t− x) dx = 0.

But f ∗ kN → f in Lp-norm, so this implies that f = 0 a.e.

Second proof, covering 1 < p ≤ ∞.
The solution to Problem 7.4.5 can essentially be repeated for this range of

p. For completeness, we give the details below.

We are given f ∈ Lp(R) such that
∫
fφ = 0 for every φ ∈ C∞

c (R). Sup-

pose that g is any function in Lp′

(R). Since 1 ≤ p′ < ∞ (this is why we
assumed p > 1), we know that C∞

c (R) is dense in Lp′

(R). Therefore there
exist functions φk ∈ C∞

c (R) such that ‖g − φk‖p′ → 0 as k → ∞. Applying
the hypotheses and Hölder’s Inequality, we compute that

0 ≤

∣∣∣∣
∫ ∞

−∞

fg

∣∣∣∣ ≤

∣∣∣∣
∫ ∞

−∞

fφk

∣∣∣∣ +

∣∣∣∣
∫ ∞

−∞

f (g − φk)

∣∣∣∣

≤ 0 + ‖f‖p ‖g − φk‖p′

→ 0 as k → ∞.

Therefore
∫
fg = 0 for every g ∈ Lp′

(R). Applying the Converse to Hölder’s
Inequality, we conclude that

‖f‖p = sup
‖g‖p′=1

∣∣∣∣
∫ ∞

−∞

fg

∣∣∣∣ = 0.

Therefore f = 0 a.e.

9.2.18 (a) If f ∈ L1(R) is even, then (by making the change of variables
x 7→ −x) we compute that

f̂(−ξ) =

∫ ∞

−∞

f(x) e−2πi(−ξ)x dx

= −

∫ −∞

∞

f(−x) e−2πi(−ξ)(−x) dx

=

∫ ∞

−∞

f(x) e−2πiξx dx = f̂(ξ).

(b) Suppose that f ∈ L1(R) and f̂ is even. Set g(x) =
(
f(x) + f(−x)

)
/2.

Then, since f̂ is even,

ĝ(ξ) =
f̂(ξ) + f̂(−ξ)

2
=

f̂(ξ) + f̂(ξ)

2
= f̂(ξ).
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The Uniqueness Theorem therefore implies that f = g a.e. Hence f is even
almost everywhere, and therefore has a representative that is even.

9.2.22 Suppose f ∈ L1(R) satisfies f = f ∗ f. Then f̂(ξ) = f̂(ξ)2, so f̂(ξ)

takes only the values 0 or 1 for every ξ. But f̂ is continuous, so this implies

that f̂ is either identically 0 or identically 1. The latter is impossible by the

Riemann–Lebesgue Lemma, so f̂ = 0. By the Uniqueness Theorem, it follows
that f = 0 a.e.

9.3.20 (a) Fix f ∈ C(T) and ε > 0. Since f is uniformly continuous, there
exists 0 < δ < 1 such that

|x− y| < δ =⇒ |f(x)− f(y)| < ε.

Fix |a| < δ. Then

|f(x) − Taf(x)| = |f(x)− f(x− a)| < ε.

Thus ‖f − Taf‖∞ ≤ ε whenever |a| < δ, so ‖Taf − f‖∞ → 0.

(b) We will reduce the problem to the point where we can apply facts
about the denseness of Cc(R) in Lp(T).

Fix 1 ≤ p < ∞, and choose f ∈ Lp(T) and ε > 0. Applying the Dominated
Convergence Theorem, there must exist some 0 < δ < 1

2 such that

g = f · χ[2δ,1−2δ]

satisfies

‖f − g‖p =

(∫ 1

0

|f − g|p
)1/p

< ε.

Although f is 1-periodic, the function g is identically zero outside of the
interval [2δ, 1 − 2δ], so g belongs to Lp(R). Since Cc(R) is dense in Lp(R),
there exists a function θ ∈ Cc(R) such that

‖g − θ‖p =

(∫ ∞

−∞

|g − θ|p
)1/p

< ε.

Since g is identically zero outside of [2δ, 1− 2δ], we can modify θ so that

• θ is unchanged on [2δ, 1− 2δ],
• θ = 0 outside of [δ, 1− δ],
• ‖g − θ‖p < ε.

Since θ(0) = θ(1), we can take θ on the interval [0, 1) and extend it 1-
periodically to R to obtain a continuous, 1-periodic function on R. This func-
tion θ belongs to C(T), and, computing the integrals on the domain [0, 1),

‖f − θ‖p ≤ ‖f − g‖p + ‖g − θ‖p < 2ε.
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Therefore C(T) is dense in Lp(T).

Now we will show that translation is strongly continuous on Lp(T). Fix
1 ≤ p < ∞, and choose f ∈ Lp(T). Given ε > 0, we can find g ∈ C(T) such
that ‖f − g‖p < ε. Since g is uniformly continuous, there exists a δ > 0 such
that

|a| < δ =⇒ ‖g − Tag‖∞ < ε.

Therefore, for such a we have

‖g − Tag‖
p
p =

∫ 1

0

|g(x)− Tag(x)|
p dx ≤

∫ 1

0

εp dx = εp.

Since translation is isometric on Lp(T), we therefore have for |a| < δ that

‖f − Taf‖p ≤ ‖f − g‖p + ‖g − Tag‖p + ‖Tag − Taf‖p

≤ ε+ ε+ ε = 3ε.

Hence Taf → f in Lp(T) as a → 0.

9.4.9 The fact that A is linear immediately implies that range(A) is a sub-
space of Y.

Suppose that vectors yn ∈ range(A) converge to a vector y ∈ Y. By the
definition of the range, for each n there is some vector xn ∈ X such that
Axn = yn. As A is linear and isometric, we therefore have

‖xm − xn‖ = ‖A(xm − xn)‖ = ‖Axm −Axn‖ = ‖ym − yn‖. (A)

But {yn}n∈N is Cauchy in Y (because it converges), so equation (A) implies
that {xn}n∈N is Cauchy in X. Since X is complete, there is some x ∈ X such
that xn → x. As A is bounded and therefore continuous, this implies that
Axn → Ax. By assumption we also have Axn = yn → y, so the uniqueness
of limits implies that y = Ax. Thus y ∈ range(A). This shows that range(A)
contains every limit of points from range(A), so it is a closed set.


