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Solutions to Selected Exercises and
Problems

These are selected solutions to some of the exercises and problems from “An
Introduction to Real Analysis.” Approximately one exercise or problem from
each section is included, sometimes more from longer sections. I have tried
to select solutions that give some insight, but at the same time I have de-
liberately not included those problems where I feel that there is a particular
benefit from finding the solution on your own. It is always best to find your
own solution, but it is also true that sometimes you need a little something
to compare to.

The problems in the text vary considerably in difficulty. Some have solu-
tions that are quite short, and others take a lot of work (or maybe I just
haven’t found an efficient solution yet). Of course, many problems have so-
lutions other than the ones I sketch here. In particular, there could very well
be easier solutions than the ones I give (and over the years, my students have
often shown me better solutions!). These solutions have not been proofread as
carefully as has the text proper, so the probability of errors is correspondingly
higher. Please send comments and corrections to “heil@math.gatech.edu”.

Solutions to Selected Exercises and Problems

1.1.7 (a) Let F be the set of all possible limits of elements of E:

F = {y € X : there exist z,, € E such that z,, — y}

We must show that F = E.

Choose any point y € F. Then, by definition, there exist points z, € F
such that =, — y. Since E C F, the points z,, all belong to E. Hence y is a
limit of elements of E. But E is a closed set, so it must contain all of these
limits. Therefore y belongs to E, so we have shown that F' C E.
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In order to prove that E is a subset of F, we will first prove that F'C is an
open set. To do this, choose any point y € FC. We must show that there is
a ball centered at y that is entirely contained in F©. That is, we must show
that there is some r > 0 such that B,(y) contains no limits of elements of E.

Suppose that for each k£ € N, the ball B, /;(y) contained some point from
E, say x € By(y) N E. Then these x;, are points of £ that converge to
y (why?). Hence y is a limit of points of E, which contradicts the fact that
y ¢ F. Hence there must be at least one k such that B/,(y) contains no
points of E. We will show that » = 1/k is the radius that we seek. That
is, we will show that the ball B,(y), where » = 1/k, not only contains no
elements of E but furthermore contains no limits of elements of F.

Suppose that B,.(y) did contain some point z that was a limit of elements
of FE, i.e., suppose that there did exist some x,, € E such that =, — z €
B,(y). Then, since d(y, z) < r and since d(z,z,) becomes arbitrarily small,
by choosing n large enough we will have d(y, z,) < d(y,2) + d(z,z,) < r.
But then this point x, belongs to B,(y), which contradicts the fact that
B, (y) contains no points of E.

Thus, B, (y) contains no limits of elements of E. Since F' is the set of all
limits of elements of F, this means that B,(y) contains no points of F. That
is, B,.(y) C F°.

In summary, we have shown that each point y € F© has some ball B,.(y)
that is entirely contained in F'C. Therefore FC is an open set. Hence, by
definition, F' is a closed set. We also know that £ C F (why?), so F is
one of the closed sets that contains E. But E is the smallest closed set that
contains E, so we conclude that E C F.

(b) “=.” Assume that E is dense in X. Then E = X, so part (a) implies
that every point z € X is a limit of elements of E.

“«<=.” Suppose that every point x € X is a limit of elements of E. Then
part (a) implies that E = X, so E is dense in X.

1.2.13 The partial sums sy = 25:1 xp of the series converge to x in
norm, so by the continuity of the norm and the Triangle Inequality (which
by induction applies to any finite sum), we see that

o0

an

n=1

= |lz|| = lim |sn]| (continuity of the norm)
N — 00

N
= A}gnoo H; T (definition of sy)
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N
< 1 . :
< ]\;grlw nzl [l || (Triangle Inequality)
o0
= Z [l || (definition of infinite series).
n=1

1.3.6 “=.” Suppose that f: R? — C is uniformly continuous, and fix £ > 0.
Then there exists some § > 0 such that

[z —yll <0 = [f(x) = fly)l <e.

Consequently, if ||la|| < 0 then ||z — (z — a)| = ||a|| < § for every z, so
If = Tafllu = sup|f(@) - fl@—a)] < e
rE

This says that ||f — To f|lu — 0 as a — 0.

“<. Suppose that ||f — Tof|lu — 0, and fix & > 0. Then there exists
some d > 0 such that ||f — T, f||lu < € whenever ||a| < ¢. Consequently, if
|z — y|| < ¢ and we set @ = = — y, then

lf@) = fW)l = |f(2) = flz—a)] < [If —Tafllu < e
Hence f is uniformly continuous.

1.4.2 Case 1: Real-Valued Functions. Assume that f is a differentiable real-
valued function on I whose derivative is bounded, and set

K = |f'lu = sup [f'(¥)].
tel

is finite. Choose any two points x < y in I. Then f is differentiable everywhere
on the interval (z,y) and is continuous on [z, y]. Because f is real-valued, the
Mean Value Theorem therefore implies that there exists a point ¢ between x

and y such that
f) = ()

fle) = FL—

Rearranging, we see that
If(y) = f@)] = 1 (lly—=2] < Kly—al.

Case 2: Complez-Valued Functions. Suppose that f is a differentiable
complex-valued function on I whose derivative is bounded, write f = g+ ih
where g and h are real-valued. Since f’ is bounded and f’ = ¢’ +4h/, the func-
tions ¢’ and h’ are bounded. Since g is real-valued, Case 1 implies that g is
Lipschitz and ||¢’||u is a Lipschitz constant for g. Similarly h is Lipschitz with
Lipschitz constant ||A/||,,. Therefore, given any points x, y € I, we compute
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(l9(x) = 9@)* + (@) = h()I?)

N2 1 02 W2 o — 2\"/?
lg'llu |z = yI” + 1Al |z =yl

= K|I_y|7

IN

where K = ||¢'|lu + | ||u-

2.1.20 Let E = R;U---UR, where Ry,..., R, are nonoverlapping boxes.
By definition of exterior measure, or by applying monotonicity, we have

Bl < D IRjle = Y vol(Ry).
j=1 j=1

Let {Qr} be any countable covering of E by countably many boxes, and
fix e > 0. Given k € N, let @ be a box that contains ), in its interior but
is only slightly larger in the sense that

vol(Qr) < (1+¢)vol(Qp).

Since Qr C (Q5)°, the interiors of the boxes @ form an open covering
of E: As E is compact, this covering must have a finite subcovering. Hence
there exists some integer N > 0 such that

IC=

N *\ 0 N *
R; = FE C U (Qk) - UQk'
j=1 k=1 k=1

‘We wish to show that
n N
> vol(R;) < > vol(Qp).
=1 k=1

We apply the same idea as in the proof of Lemma 2.1.6. That is, we extend
the sides of the boxes @} to obtain a grid-like covering of £/ by smaller boxes.
There can be duplicates in this covering. We can ignore any smaller boxes
whose interiors lie completely outside of E. Hence we have a collection of
smaller boxes that cover E. Recall that E is the union of the finitely many
nonoverlapping boxes Ry, ..., R,,. Each box R; is covered by a distinct subset
of these smaller boxes, and those smaller boxes make a grid-like cover of R;,
possibly with overlaps. Hence the sum of the volumes of the boxes R; is
bounded by the sum of all the volumes of the smaller boxes. That sum is
itself bounded by the sum of the volumes of the boxes Q7. This gives us the
desired inequality



Selected Solutions (©2019 Christopher Heil 5
n N
> vol(R;) < > vol(Qp).
j=1 k=1
Putting this all together, we obtain
n N N
D vol(Rj) < > vol(Qi) < (142) Y vol(Q) < (1+e) > vol(Q).
j=1 k=1 k=1 k
Taking the infimum over all such coverings by boxes, we see that
D vol(R;) < (1+¢)|E]..
j=1
Finally, since ¢ is arbitrary, this yields

> vol(R;) < |E..
j=1

Alternative proof. Let @1, ..., QN be nonoverlapping boxes, and set

E=0QU---UQn.

By subadditivity,

N
Bl - \uczk
k=1

N N
< 1Qkle = D vol(Qy),
k=1 k=1

so our task is to prove the opposite inequality.
Let {R¢} be a cover of E = Q1 U---UQy by countably many boxes. For
each fixed k, the collection {R; N Q}¢ is a covering of Q. by boxes, so

vol(Qr) = |Qkle < ZVOI(RgﬂQk), k=1,...,N.
14

Also, {R¢; N Qr}_, is a finite collection of nonoverlapping boxes contained
in Ry. A variation on the ideas in Lemma 2.1.6 or Exercise 2.1.7 shows that

N

> vol(Ry N Qx) < vol(Ry).

k=1

Therefore

N N
> vol(Qi) < DD vol(ReN Qi) < Y vol(Ry).
4 4

k=1 =1
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Since this is true for every covering, we conclude that

N
> vol(@u) < inf{Y vol(Re)} =
k=1 Vi

where the infimum is taken over all possible coverings of E = Q1 U---UQxN
by countably many boxes Ry.

= |E|€7

N
U Qk
k=1

2.2.37 (a) = (b). Suppose that E is measurable. Then, by definition of
measurability, there exists an open set U D E such that |[U\E|. < €. By
Lemma 2.2.15, there exist an closed set F C E such that |[E\F|. < e.
Subadditivity therefore implies that

U\F| < |U\E| + |E\F|. < 2.

(b) = (c). Assume that statement (b) holds. Then for each k € N, there
exists an open set Uy and a closed set F}j such that Fp C E, C U and
|Up\ Fi| < % Let U = NUg and F = UFy. Then U is a Gs-set and F is an
F,-set and F' C E C U. Further, for each k we have

1
[UNF| < |U\Fi| <+,
so [U\ F| = 0. Thus statement (c) holds.

(c) = (a). Suppose that there exists a Gs-set G and an F,-set H such
that H C E C G and |G\ H| = 0. Then by monotonicity,

G\E|. < |G\H]| = o.

Hence G is a Gs-set that contains F and satisfies |G\ E|. = 0. Therefore E
is measurable by Lemma 2.2.21.

2.3.12 Let Q be a cube in R? with sides of length s. By the Pythagorean
Theorem, the diameter of this cube is d'/2s. That is,  and y are any two
points in @, then |z — y|| < d'/?s. Since f is Lipschitz, it follows that

If (@) = fW) < Kz —y| < Kd'/%s.

Thus, the diameter of the set f(Q) is at most Kd'/?s. Consequently f(Q) is
contained in a closed ball of diameter at most Kd'/2s, and hence is contained
in a cube with sidelengths K d'/?s. Therefore the measure of f(Q) is at most

@) < (Kd/?s)? = K25t = C|Q),

where C' = 29K d%? is a fixed constant that does not depend on the box Q.

2.3.17 Since |A,| — |E|, we can choose n; < ng < --- so that
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|B\An,| = |E| = |An| < 27%|E],  keN

Note that the first equality on the preceding line holds because E has finite
measure (see Lemma 2.3.1).
Let A =nNA,, . Applying Lemma 2.3.1 again, we compute that

B~ 14] = B\ = |B\ N A,

— |0 (B\A.)
k=1

< D0 IE\Ay,]
k=1

<

> 27ME| = |EB|.
k=1

Rearranging, we see that |A| > 0.

To see that this can fail if the measure of FE is infinite, set £ = R and
A, = [2",2"*1]. Then |A,| = 2" — co = |E|, but NA,,, = @ for every choice
of indices n; < ng < --- .

2.3.21 Suppose that no such point = exists. Then for each z € FE there is
some 0, > 0 such that
|EN Bs, (x)] = 0.

By Exercise 2.3.20(d), there exists a compact set K C E such that | K| > 0.
Then {Bs, (2)}zep is an open cover of K, so there must exist finitely many
points x1,...,xy € E such that

N
K C U Bs,(zk), where 0 = d,, .
k=1

But then

[
=
)]
&
N

C=

K (Bs, (z1) N E),

k=1
SO

N N
K| < > |Bs(xx)NE] = > 0 =0,
k=1 k=1

which is a contradiction.

2.4.10 We will take the (longer) approach of generalizing the Steinhaus
Theorem to higher dimensions.

Step 1. Let Q = [0, s]%. We claim that if t = (t1,...,tq) € R?, then
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d

@n@+ol < 3 () "

k=0

First assume that 0 < ¢, for every k. In this case we have 0 < t;, < ||t|| for
every k, so
QU(Q+1) S [0,s+ ]It

and therefore, by the Binomial Theorem,

d

QuQ+ol = G+l = X ()" el

k=0

A similar argument applies if any t; is negative, so the claim follows.

Step 2. Now we generalize the Steinhaus Theorem. We claim that if £ C R¢
is Lebesgue measurable and |E| > 0, then the set of differences

E—-F = {:v—y::v,yeE}

contains an open ball B, (0) for some r > 0.
To see this, we apply Problem 2.2.39 and conclude that there exists a cube
Q@ such that the measure of the set F' = E N Q satisfies

3
[F] = 1EnQl > 11Ql.  (4)
The statement of Steinhaus’ Theorem is invariant under translations, so by

translating F, F, and Q we can assume that Q = [0, s] where s > 0.
Choose any t € R If F and F + t are disjoint, then we must have

4
254 = 2|Q| < 2- 3 |F| (by equation (A))
4
=3 |FU(F+1)] (since F and F +t are disjoint)
4 -
< 3 QU (Q+1) (by monotonicity)
4 & (d
< 2 k ||4|d—Fk '
< 3 Z (k:) s” |12l (by the Lemma) (B)
k=0
However,
d
4 d 4
lim = Elgld—k — 240 o 9gd
|t|1|1303kz:_0(k)S Il 3° =%

Therefore if ||t]| is small enough then equation (B) cannot hold. Hence there
is some 7 > 0 such that
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It < r = F and F 4+t are not disjoint.

Therefore, if ||¢|| < r then there is some point x € FN(F +t). So,zx =y +1t
for some y € F, which implies that t = x —y € F — F. This shows that F'— F
contains the open ball B,(0), and therefore E — F must contain this ball as
well.

Step 3. Define a relation on R? by declaring that  ~ y if and only if every
component of x — y is rational. This is an equivalence relation, so by the
Axiom of Choice there exists a set N that contains exactly one element of
each distinct equivalence class of this relation.

The distinct equivalence classes partition R, so their union is R%. There-

fore
R' = J @ +2)= U U {r+a} = U (N+1).
TEN zEN reQd reQd?

Since exterior Lebesgue measure is translation-invariant, the exterior measure
of N 4 r is exactly the same as the exterior measure of N. Combining this
fact with countable subadditivity, we see that

< YN+ = Y N

reQd reQd

U (N+r)
reQd

Consequently, we must have |N|. > 0. However, any two distinct points
x # y in N belong to distinct equivalence classes of the relation ~, so some
component of x and y must differ by an irrational amount. Therefore N — N
contains no open balls, so the Steinhaus Theorem implies that N cannot be
Lebesgue measurable.

3.1.18 (a) “<.” Suppose that f~1(U) is measurable for each open set U C R.
Then for each a € R we have that

{f>a} = {zeR":a< fa)} = ' (a,0)
is measurable, so f is measurable.

“=.” Suppose that f: R? — R is measurable, and let U C R be any open
set. Then we can write U as a countable disjoint union of open intervals
(possibly including infinite open intervals), say U = U(a;, b;). Since

FHaz,b5) = {a; < f <bj} = {a; < f} 0 {f <bj},
we conclude that f~*(a;,b;) is measurable for each j, and hence f~1(U) =
Uf~1(aj,b;) is measurable.

(b) “=.” Suppose that f: R? — C is measurable. Then its real part f, and
its imaginary part f; are both measurable. For simplicity let us identify C
with R2. In particular, with this identification we write f(z) = (f-(x), fi(z)).
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Given an open strip (a,b) x R in C, we have

f_l((avb) X R) = fr_l(a,b),

which is measurable since f, is measurable.. Similarly,
FHR x (e,d)) = f7 (e, d)
is measurable. Consequently the inverse image of the open rectangle
(a,b) x (¢c,d) = ((a,b) x R) N (R x (e, d))

is measurable. Every open subset of C can be written as a countable union
of open rectangles, so it follows that f~1(U) is measurable for every open set
UCC.

“«<.” Suppose that the inverse image of any open subset of C is measurable.
Again identifying C with R?, if we fix a € R then the set (a,00) x R is open
in C. Hence

{fr>a} = f;l(avoo) = fﬁl((avoo) XR)

is measurable. Therefore f, is a measurable function, and similarly f; is mea-
surable, so we conclude that f is measurable.

3.2.16 Case 1: ¢ € R. Without loss of generality, consider ¢ = 0. Define

Zy = {f =00} N {g=—oc},
Zy = {f=—-00} N {g =00}

The sets Z; and Z5 are measurable since f and g are measurable. Therefore

Z = Z1UZy
is a measurable set as well.
Define
f(x), =¢Z,
F == . X =
(0) = (f Xz0)(@) {0, o
and
9(z), = ¢ Z,
() (9-Xze)(x) {0, rez

The function h defined in the problem statement is h = F 4+ G.
Fix a € R. If a > 0 then

{F>a} = {f>a}\Z
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If a <0 then
{F>a} = {f>a} U Z.

In any case, {F > a} is measurable, so F' is a measurable function. Simi-
larly, G is measurable. Hence a — G = a+(—1)G is measurable, and therefore

{h>a} = {F+G>a} = F>a—-G
is measurable. Consequently h is a measurable function.
Case 2: ¢ = 0o0. Define

F@):{f@% v¢ 7,

0, T € Z,

and

0, T €L,

G@):{mm,w¢z

soh=F+G.If a € R then
{F>a} = {f>a} U Z,

which is measurable. Hence F' is measurable and likewise G is measurable.
A lemma from the text therefore implies as before that {F > a — G} is
measurable, and this is the same set as {h > a}.

Case 3: ¢ = —oo. This is similar to Case 2.

3.3.8 “=.” Suppose that f,, — f in L°°-norm. For each n, let

Zn = {f = ful > If = fulloo}-

By definition of the L°°-norm, each set Z,, has measure zero. Therefore the
set

Z = U Z
n=1

also has measure zero.

If v ¢ Z, then x ¢ Z, for any n, so | f(z) — fn(2)| < ||f — fnllso for every n.
Letting ||f — fnllu denote the uniform norm on the set E'\ Z, we therefore
have

If = falle = sup [f(z) = fu(x)] < |If = fulle = 0 asn— oo
z€E\Z

Thus f,, converges uniformly to f on F\ Z.

“«<=.” Suppose that Z is a set of measure zero such that f, — f uniformly
on E\Z. Letting ||f — fnllu denote the uniform norm on the set E\Z, we
have
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[f(@) = fa(@)] < IIf = fall,  allze E\Z
As Z has measure zero, we therefore have
[f@) = fa@)] < IIf = fulle,  ae.z€F.

Hence

The opposite inequality follows by definition. Therefore
||f_fn||oo = ”f_anll — 0 asn—oo.

Thus f,, converges to f in L°°-norm on F.

3.4.5 (a) fn = X|_p,n) converges pointwise to the constant function f = 1,
but the convergence is not uniform on any unbounded subset of R.

Another example is f,(x) = x/n, which converges pointwise to the zero
function, but the convergence is not uniform on any unbounded subset of R.

(b) Suppose that |E| > 0. Even if each f,, is finite a.e., we must require f to
be finite a.e. For example, if f,,(z) = n for z € E, then f,, is finite everywhere
and f,, converges pointwise to the function f = oo, but the convergence is
not uniform on any subset of F.

3.5.16 The proof is similar to that of Problem 1.1.20.
Fix e > 0 and n > 0, and let

~v = min{e, n}.
Since f,, — f, there exists some K > 0 such that
ne>K = |{[f=ful>7} <7
Since {fn}nen is Cauchy in measure, there exists an N such that
m,n>N = [{|fm—fal >} < 7

Suppose that n > N. Then since the ny are strictly increasing, there exists
some ny that is greater than both K and N. Since

{|f_fn| >2E} c {|f_fn| >27} c {lf_f’llk| >7} U {|fmc _fn| >7}a

we have

‘{|f_fn| >25}‘ < ’{|f_fnk| >7}‘ + ’{|fnk_fn| >7}‘ < v+v < 2.

This is true for all n > N, so

T [{|f ~ fal > 23| = 0.
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That is, f, — f.
4.1.3 (e) If fAk ¢ = oo for some k then there is nothing to prove, so we may

assume that fAk ¢ < oo for every k. If we set Ag = &, then

(@

G A = U (45\ A1),
k=1

j=1
and the sets on the right-hand side above are disjoint. Further,
Ajn = A; U (4401\4)),

and the sets on the right are disjoint. Lemma 4.1.2 therefore implies that

Lo Lo foe

where all of these integrals are finite. Applying Lemma 4.1.2 again, we see

that
=20

Jj=1
N
- ([ o=/, 0)
= [ o [0
= lim ¢.

N—o00 AN

4.2.11 Let E, = EN[-n,n]¢, and set f, = fXg,. Then 0 < f, < f and
fn — f pointwise, so Problem 4.2.9 implies that

li = 1 n = .
im f im Ef [Ef

n—00 En n—r00

The result therefore follows by taking A = E,, with n large enough.

4.3.9 Given a measurable set £ C Rd, we have

/ Xg(x —a)dr = / Xgpia(z)dr = |E+a|l = |E| = / Xg(x)d.
R4 R R4

Hence the integral of a characteristic function is invariant under translations.
Taking linear combinations, this fact extends to simple functions. Given a
nonnegative function f: R? — [0, 00], there exist simple functions ¢, that
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increase pointwise to f. The functions ¢, (z—a) increase pointwise to f(z—a),
so by applying the Monotone Convergence Theorem we see that

fx—a)de = lim [ ¢,(r—a)dz

R n—oo R4

= lim [ ¢,(z)dx

n—oo R4

/Rd (z) dz.

Now suppose that f: R? — [~00,00] is an arbitrary extended real-valued
function whose integral exists. Then the integrals of f* and f~ both exist,
with at most one of these being infinite. Applying the translation-invariance
proved for nonnegative functions, it follows that

(x —a)dx = ff(x—a)de — f(x—a)dx
Rd Rd Rd

= | [ff@de — [ f(x)dw
Rd Rd

/Rd f(z) d.

Finally, if f is complex-valued then we write f = f. +if; and use the fact
that the integrals of f, and f; are invariant under translations.

The proof for invariance under reflection is similar, starting with the cal-
culation

/RdXE(_fE)dJZ = /RdxfE(fE)daj = |-E| = |E| = /RdXE(x)dx'

This equality then extends by cases to generic functions.

An alternative approach is to use Problem 4.2.17, i.e., compare the regions
under the graph of f(x —a) or f(—z) to the region under the graph of f(x).

4.4.17 (a) Since f is integrable, it is finite a.e. Let h(z) = f(z) whenever
f(z) is finite, and set h(z) = 0 when f(xz) = +oo. Then h is measurable
and finite at every point. Therefore g(x) — h(x) never takes an indeterminate
form. As h and g are both measurable, it follows from Lemma 3.2.1 that g—h
is measurable. As g — f = g — h a.e., it follows that g — f is also measurable.
Since g > f a.e., we have g~ < f~ a.e. As f is integrable, it follows that

o< [o< [ i<
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Further, [ I gT exists as a nonnegative, extended real number. Therefore the
integral of g on F exists, and

—oo</g§oo.
E

Also, g — f > 0 a.e., so the integral of g — f exists and is a nonnegative,
extended real number.

If g is integrable, then by the linearity of the integral for integrable func-
tions, we immediately obtain

Jo-5=[o-[+

so in this case we are finished. On the other hand, if g is not integrable, then
we must have [, g7 = 0o and therefore

o fo - o

Since f is integrable, it follows that

Joo= )=

As g is not integrable, f is integrable, and the sum of integrable functions is
integrable, the function g — f cannot be integrable. Since g — f > 0 a.e., we

therefore have
/ (9—1f) =
E

[on- fofs

(b) First we consider the extension of the MCT.

Suppose that f,, > g a.e., where g is integrable, and f, / f on E. Then
fn—g > 0 for every n, and f, —g / f — g a.e. Applying part (a) and
the Monotone Convergence Theorem (or more precisely the MCT variation
derived in Theorem 4.3.7), we therefore obtain

/Ef—[Eg /E(f—g)

= lim (fn—9)

n—oo E

Consequently,
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= lim (/fn—/g>
= (lim/fn) —/g.
As [}, g is finite, it follows that
/ f = lim fn
E n—oo
Now we consider the extension of Fatou’s Lemma. The argument is similar.

Assume that f,, > g a.e., where g is integrable, and let f = liminf f,,. Then
fn—g >0 a.e., so by Fatou’s Lemma and part (a) we have

/Ef—[Eg [E<f—g>

= /E liminf (f, — g)

n—oo

IN

n—roo

i ([, [ 9)
= (mar ) = [0

As g is integrable, it follows that

lim inf /E(fn —9)

< limint / .

n—oo

To see that the assumption that g is integrable is necessary, let £ = R
and consider f, = —%. Then f, > —1 for every n and f,, 0, but

‘/Danz—oo%Oz/RO.
/R1inxgi£ffn:/Ro:0

which is strictly greater than

Also,

liminf [ f, = —o0.
n—oo R
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4.5.17 First proof. Fix € > 0. Since f is integrable, Exercise 4.5.5 implies
that there exists a constant § > 0 such that [ |g| < & for every measurable

set E satisfying |E| < d. If z € R and 0 < h < 4, then the measure of the

interval [z, z + h] is less than 4, so

z+h x z+h z+h
[ = s [ s
0 0 x T

A similar argument applies if — < h < 0, so we conclude that F' is uniformly
continuous.

|F(z+h) = Fz)| =

Second proof. Given z, a € R, we compute that

|Fe—a)— F()| = \ [ rwa- [ ;f@)dt\

‘/;f(t—a)dt - /;f(t)dt’

/_ T — £ de

IN

IN

ITaf = flhi
Therefore

Tk = Fllu = sup|F(z —a) = Fz)| < |[Taf = flx =0,
xTE

so F' is uniformly continuous by Problem 1.3.6.

4.6.24 We are given that
oo
M =" falh < oo,
n=1

i.e., the series 3" f,, converges absolutely in L!-norm. Since each f,, is inte-
grable, it follows that

RLEPIWALEPIETEL

Therefore the series -
> [
n=1 E

is an absolutely convergent series of scalars, so it converges to some finite
scalar.
To show that the series >~ | f,(z) converges a.e., set
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N oo
gv(@) = Y Ifa@)]  and  g(z) = Y [fal@)].

These are series of nonnegative extended real numbers, so they converge
pointwise a.e. in the extended real sense. By the Triangle Inequality, for each
N we have

N
lonlls < D Ifaln < M.
n=1

Since gy " g, the Monotone Convergence Theorem implies that

Mh:/gzlm ox
E

N—oo /B

= 1.
i (lgn il

IN

N
Jm, S Ul = 1 < o
n=

Therefore g € L1(E), i.e., g is integrable on E. Hence g is finite a.e. At any
point = where g(z) < oo, we have

g(@) = Y |fal@)] < oo
n=1

Consequently, the series
f@) = ) falw)
n=1

converges absolutely at almost every point . Since |f| < g, we have f €
LY(E). Also, if we set

N
(@) = 3 fula),
n=1
then hy — f pointwise a.e. For every N we have
x| < gy < g € L'(R),

so we can apply the Dominated Convergence Theorem. The DCT tells us
that hy — f in L'-norm, and the integral of hx converges to the integral
of f. Thus
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- [ 2
N %)
=g S [ =3 [

5.1.5 If |z — y| < 3% then we have |p(x) — ¢(y)| < 27F. Let k > 0 be the
unique integer such that

1
PSS lz—y| < 3%

Then

2 1 log, 2 o
e@ —eW| < g7 = 2(5e) S 2le—yloEl

Hence ¢ is Holder continuous with exponent a = logs 2.
Fix0< 8 <a=logz2. If z, y € [0,1] then |x —y| <1, so

lp(z) — )] < 2lz—y|* = 2lz—y|* Plz -y’ < 2|z—y’.

Hence ¢ is Holder continuous with exponent (.
On the other hand,

2—/€ — (3—k)log3 2'

©
—~
“
o
~—
I
S
—~
(=)
=
I
S
|
o
I
=}
I

It follows ¢ cannot be Holder continuous for any exponent oo > — logs 2.

5.2.4 (a) Since f(x) = zsin(1/x), we have for h # 0 that

fO+h)— f(0)  hsing
h—O = A h = SIHE.

Since this quantity does not converge as h — 0, we see that f is not differ-
entiable at x = 0.
For n € N, we have

G = o

, (nw)‘ 2 nodd,
sm| — = q 7
2 0, n even.
Therefore,

;\f(ﬁ)—f(%)\ > ¥

Hence, if we set



20 Selected Solutions (©2019 Christopher Heil

2 2 2
I :{—1,0,—,7,...,—,1},
N Nrn’ (N-1)m ™
then )
SFN > ‘ Z j_ﬂ'
j=1,....N
7 odd

Since sup Sr, = oo, we see that f does not have bounded variation.

5.2.23 (a) We are given complex-valued functions f, on [a, b] that converge
pointwise to a limit f. Let I' = {a = 29 < --- < x,, = b} be any partition of
[a, b]. Then, using the discrete version of Fatou’s Lemma, we compute that

Srifiab] = 37 1f(x5) = flas)]

= Z lim inf |fn(z;) = fr(zi-1)]
=1

IN

liminf Y |fa(2;) = folj-1)|
j=1

= liminf Sr|[f.;a,b]

n—oo

< liminf V[f,;a,bl.

n—oo

Taking the supremum over all partitions I, it follows that
V(f;a,b] < liminf V[f,;a,b].
n—oo

5.3.5 Let the balls Bj, be constructed just as in the proof of Theorem 5.3.3.
If the construction process stops after a finite number of steps then we are
done, so suppose that the process does not end.

Choose any point € E \ (Jz—; Br. Then given N € N we have z €
E\ Uivzl By.. The argument of the proof of Theorem 5.3.3 shows that we
then have x € B} for some n > N. Therefore

00 N o0 o0
VAN VA D SEE T I SN
k=1 le k=1 le E=N-+1 E=N-+1

But N is arbitrary and Y |By| < oo, so this implies that E \ J,—, By has
measure zero.

5.4.6 First assume that there is some § > 0 such that Dt f > § on (a,b).
Fix a < x < y < b. Since f is continuous on the closed bounded interval
[x,y], it has a max at some point in that interval, say at zy. Suppose that
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x < xg < y. Then for all zyg < t < y we have

Ft) — f(wo)

< 0,
t— xo -

and therefore
DT f(z0) = limsupM <

tﬂzg — To

This is a contradiction. Therefore f must achieve its maximum on [z, y] at the
point y. Consequently f(x) < f(y). This shows that f is monotone increasing

n (a,b). Since f is continuous, it follows that f is monotone increasing on
all of [a, b].

Now suppose that we just have DY f > 0 on (a,b). Fix § > 0, and let
g(x) = f(x)+ 0z, which is continuous. The limsup of a sum is not the sum of
limsups in general, but it is if one of the limsups is a limit. That is the case
here:

DT g(x) = limsup 9@) —g(=)
t—axt -
= limsup 7f(t) — /(@) + lim L — 4z)
byt t—x t—wat t—T

= DV f(x) + 6 > 4.

Our work above therefore implies that g is monotone increasing on [a, b].
Hence, given any a < xz <y < b we have

f(@)+dz = g(z) < g(y) = f(y)+dy.
Rearranging,
fly) = flz) > oy — o).

Letting 6 — 0, we obtain f(y)— f(«) > 0. Thus f(x) < f(y), so f is monotone
increasing on [a, b].

5.5.17 Since Bj(x) is one of the open balls that contain z, we immediately
obtain M f(x) < M* f(x).

Suppose that B is any open ball that contains x. Then B = B, (y) for
some point y and some radius r > 0, and ||z — y|| < .

Let z be any point in B. Then |y — z|| < r, so

lz—z| < [le—yll+lly—=z <r+r = 2r
Hence z € Ba,.(x). This shows that B C Bs,.(z). Note that

|B| = Cyr and |Boy(z)| = Cy(2r)? = C42%¢
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where Cy is a constant that depends only on the dimension. Therefore |B| =
24| By,.()], so

1Bl Jg" T 27U Bar(@)| JB,, ()

Taking the supremum over all open balls B that contain z, it follows that

Il S 5o MAG) = 20Mf(@)

M*f(z) < 2¢Mf(z).

6.1.7 “=." Assume that f € AC|a,b] and fix £ > 0. Let ¢ be the number
whose existence is given in definition of absolute continuity. Assume that
{la;,b;]} is any countable collection of nonoverlapping subintervals of [a, b]

such that
> (bj—a;) < 4
J

Then, by definition of absolute continuity, we have
D IF0) = flay)] < e
J

For any complex number z = z, + i2z; we have

!
N

1/2
ool < (ool + 1) =
Therefore
Do ebs) = frlag)l < Y7 1F(b) = flay)] < e
J J

Therefore f,. is absolutely continuous, and a similar argument shows that f;
is absolutely continuous.

“«<. Assume that f, and f; are each absolutely continuous. Fix ¢ > 0,
and let ¢, and J; be the numbers whose existence is given by applying the
definition of absolute continuity to f. and f;, respectively. Let

0 = min{d,, d;}.

Assume that {[a;,b;]} is any countable collection of nonoverlapping subin-
tervals of [a, b] such that

Z(bj —aj) < 0.

J

For any complex number z = z, + i2z; we have
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2| = lzr +izi| < lz| + |2l
Therefore

S = Fal < 3 (1) = Folap)l + 1£ilby) = £i(ay)])

J
< e4e = 2.
Therefore f is absolutely continuous.

6.2.5 Suppose that f is differentiable a.e. on E C [a,b], and A C FE is
such that f(z) = ¢ for every x € A. Write f = g + ih where g and h are
real-valued. Then g is differentiable a.e. on A and g(x) = Re(c) for z € A.
Therefore g(A) = {Re(c)}, which has measure zero. Corollary 6.2.3 therefore
implies that ¢ = 0 a.e. on A. A similar argument shows that A’ = 0 a.e.
on A, so it follows that f' = ¢’ +ih’ =0 a.e. on A.

6.3.5 The measure of
fX) = {f(@):xe X} = {fi(z) +ifi(z) z € X}

as a subset of C is defined to be the measure of the set
4 = {(5@), fiw)) e X}
as a subset of R?. Note that
A {(F@.Hiy) : mye X} = £(X)x fi(X).

Therefore
(X = [A] < [f(X)]]fi(X)].

Consequently, if f.(X) and f;(X) each have measure zero, then f(X) has
measure zero.

To show that the converse implication can fail, define f: [0,1] — C by
flz) = z = =+ 04, x € 10,1].
Then f[0,1] is contained in the real axis in C, so it has measure zero. Yet
1£:10,1]] = [0,1]] = 1.

Another example is f: [0,1] — C defined by f(x) = = + iz. In this case
we have |f[0,1]| = 0 while |f,[0,1]| = | f;[0,1]| = 1.

6.3.9 First proof. Since g is continuous, its indefinite integral F(x) =
f; g(t) dt is absolutely continuous. Further, since ¢ is continuous, Exercise

5.2.8 tells us that F is differentiable everywhere and F'(z) = g(x) for every
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x € [a,b]. Hence (F — f) = F' — f' = g— g = 0 a.e. Corollary 6.3.4 therefore
implies that F' — f is constant. Hence f = F + ¢, so f is differentiable at all
points and f’'(z) = g(x) for all x € [a, b].

Second proof. This proof uses the Fundamental Theorem of Calculus for
absolutely continuous functions.

Since g is continuous, every point is a Lebesgue point of g. Suppose that
x € (a,b). We have z + h € (a,b) for all |h| is small enough, so

glx) = }llin% E/ g(t)dt Fund. Thm. Calculus
- x
— 1 1 wth fl(t) dt : f/ _
= lim - ) since f' = g a.e.
g JEER @ e f e AC[a b
h—0 h

This shows that f is differentiable at all points in (a,b), and it also shows
that f/(z) = g(z) for all x € (a,b).
If £ = a then the same calculation is valid if we take limits from the right:

) 1 at+h
g(a) = hlgéh E/u, g(t) dt Fund. Thm. Calculus
) 1 a+h , ) ,
= hli}rél+ E/a fi() dt since f' = g a.e.
B —
_ g LM ZS@ et e AL
h—0+t h

Therefore f is differentiable from the right at the point @ and we have f'(a) =
g(a). A similar argument shows that f/(b) = g(b).

6.4.14 Each f, is absolutely continuous, so the Fundamental Theorem of
Calculus implies that

| 5= 1@ = 500 = fu0) el
0
Since x~1/2 is integrable on [0, 1], we have h € L[0, 1]. Therefore, the function
f@ = [ n welal
0

is well-defined and is absolutely continuous on [0, 1]. Further, h— f;, — 0 and
A= fol < IRl +1f0] < 2272 € LYo, 1].

It therefore follows from the Dominated Convergence Theorem that



Selected Solutions (©2019 Christopher Heil 25
1
lim [ |h—f) = 0.
n—00 0

Hence,

sup |£(z) - fulz)] = sup / (h— 1)
0<z<L1 0<z<1|J0O

<o [0
0

0<z<1

1
s/ h— 7]
0

— 0 asn — oo.

Thus we have shown that f, — f uniformly.

6.5.10 The change of variable formulas that we would like to apply is formu-
lated in terms of monotone increasing functions, yet we would like to use it
with the monotone decreasing function 1/¢. For each monotone increasing re-
sult there is an analogous monotone decreasing result, but for preciseness we
will will formulate this proof so that it uses the monotone increasing function
—1/t instead of 1/t.

Fix k € N, and let

fulz) = flz)a™"
k

We know that fj is integrable on [1,00) since f is integrable and x~2% is
bounded on that interval.
Define g(t) = —1/t for t # 0, and for ¢ < —1 set

hi(t) = fu(=3)t72 = f(=H)Fe 2, < -1
Fix 0 < 6 < 1, and set d = 1/4. Then ¢ is monotone increasing on the interval

[-1,—0], and g maps [—1, —d] onto [1,1/6]. The function |fx| is integrable on
[1,1/4]. Corollary 6.5.8 therefore implies that

@] = [fe(=9) 1t = |fulo(t)] g'(t)

is measurable, and

— — 1/6
/ ol = / gl g/ dr = / (@) de < oo,

Therefore hy, is integrable on [—1, —d]. Further, the Monotone Convergence
Theorem implies that
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0 —4
/ he()dt = lim [ |h(t)] dt
1

_ 0—0 ) _4
1/8 00
= lim |fi(x)|dx = / |fr(x)]dz < oo.
0—0 Jq 1

Therefore hy, is integrable on [—1, 0].
Applying the same argument without absolute values we obtain

-5 -5 1/5
| ma = [ naedwd = [

Now that we know that hj is integrable, we can apply the DCT to obtain

/01 hi(t) dt = /100 @) da.

he(t) = fu(=3)t7% = f(=H) 772, = ho(t)t*™.
Therefore hg is an integrable function on [—1, 0] that satisfies

/0 ho(t) t?* dt = /01 hi(t)dt = /100 fu(z)dr = /100 fx)z=*dx = 0.

-1 —

Now,

This is true for every k € N. Consequently,
0
/ t2 ho(t)t?* dt = 0, k=0,1,2,....
-1

Therefore t2 ho(t) = 0 a.e. by Problem 6.4.21(b). (Technically, that problem
uses the interval [0, 1] instead of [—1, 0], but an entirely symmetrical argument
shows that we can replace [0, 1] by [—1, 0] in Problem 6.4.21.) Therefore h = 0
a.e.

6.6.13 The series -
> 27"a,  (A)
n=1

converges to a nonnegative real number since we have 0 < a,, < 1 for every n.
The fact that 0 < a,, < 1 also impleis that In a,, < 0 for every n. Therefore
every term of the series

i 27" nay, (B)
n=1

is negative. Consequently the series converges in the extended real sense,
though the sum could be either —oco or a nonpositive real number. If the sum



Selected Solutions (©2019 Christopher Heil 27

is —oo then there is nothing to prove, so we may assume that the series in
equation (B) converges to a finite, nonpositive, real number.

Fix any N € N. Since —Inx is convex on (0,00), the Discrete Jensen
Inequality tells us that

N —-n N -n
I <Zn_1 2 an) < _ dop=12 "Inay
N o . = N .

Zn:l 2 Zn:l 2

Rearranging and evaluating the sum of 27", we obtain

N N o

27 "ay,
Zanlnan <(1-2""n 22"217]\]@ .
= 1-2-

Since the series in equations (A) and (B) both converge and since Inz is a
continuous function, it follows that

00 N
;27" Ina, = ]\}iinm;27" Ina,

N gen
: __ o9—N Zn:l 2 Gn
M <(1 2 )1n< 1-2-N ))

(T2

IN

1

o0
In <Z 2”an> .
n=1
Remark: An alternative approach is use the convexity of e* to prove that
oo oo
exp <Z 27" 1n an> < Z 27 "a,.
n=1 n=1
7.1.19 If p =1, then
Do < Dl = el < oo
k=1 k=1

If 1 < p < oo then we have 1 < p’ < co. Applying Holder’s Inequality, it
follows that

oo o0

— |z > 1/p 1\ 1\
< p _ = —_— .
S (S (E0) - (E4)” <~

k=1 k=1
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If p = 0o and we set x; = 1 for every k, then

o) |$k| B 0o 1 -
Sl Sl
k=1 k=1
7.1.23 Case 1 < p < co. By Exercise 7.1.5, equality holds in ab < % + bpi,
if and only if b = aP~!. For the normalized case ||z, = |ly|l,; = 1, equality

in Holder’s Inequality requires that we have equality in equation (7.9), and
this will happen if and only if |yx| = |21 |P~! for each k. This is equivalent to

l? = g/ P = Jag?.

For the nonnormalized case, if z, y # 0 then equality holds in Hélder’s In-
equality if and only if it holds when we replace z and y by z/|z||, and
y/|lyllpr- Therefore, we must have

’ v’ P

lel” ( |y ) _ (kal) T

[ 1Yl 1l s
Hence a |z|? = B |yx|?" with a = HyHZ: and 8 = ||z[5. On the other hand, if
either x = 0 or y = 0, then we have equality in Holder’s Inequality, and we
also have o |z [P = 8 |yx|? with o, B not both zero.

For the converse direction, suppose that a|z[? = 3 |yx|? for each k € I,

where «, § € C are not both zero. If « = 0, then y; = 0 for every k, and hence
we trivially have ||zy|l1 = 0 = ||z||p ||ly||,. Likewise, equality holds trivially if

B = 0. Therefore, we can assume both «, § # 0, and by dividing both sides
by B, we may assume that 8 = 1 and « > 0. Then we have |yx|P = o|zk|?,

SO , ,
Iyl = > el = a Janl’ = aallp.

kel kel

If either z = 0 or y = 0 then equality holds trivially in Holder’s Inequality,
so let us assume both z, y # 0. Then we have

el afzkP |l

Wiz~ el T =l

By the work above, this implies that equality holds in Holder’s Inequality.
Casep =1, p' = o0. Set M = sup,, |y|. Suppose equality holds in Holder’s

Inequality, i.e.,
> gkl = (Zml) (Sl}iplykl)-

kel kel
Then
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> lwryrl = D> M|l

kel kel

Hence

D (M —lyul) 2| = 0,

kel

but 0 < M — |yi| for every k, so we must have (M — |yx|) |xx| = 0 for every k.
Thus whenever xj, # 0, we must have |yx| = M.

Conversely, if |yx| = M for all k such that xp # 0, equality holds in
Holder’s Inequality.

7.2.12 (a) Case 1 < p < oo. Assume that f, € LP(E), f, — f a.e., and

C = sup|fulp < oo
n

Then by Fatou’s Lemma,

91 = [ 1P = [ tmin | < tmint [ < cn

so f € LP(E).
Case p = co. Assume that f, € LP(FE), f, — f a.e., and

C = sup||fullee < o0.
n

Then for almost every x we have
@) = lim |fa(@)] < sup||f]leo < O

and therefore || f|lc < C.
(b) Case 1 <p < oo. Let E =[0,1], and set

fa(@) = 277 X1 ().

n’

Then f, is bounded and hence belongs to L?[0,1]. Further, f,, converges
pointwise a.e. to
fla) = a7V,

1 1
1
p = p = —_ xr = X
Iy = [ = [ e = .
so f ¢ LP[0,1].

Case p = co. Let E = [0, 1], and set

However,
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Then f, is bounded and hence belongs to L>°[0, 1]. Further, f,, converges
pointwise a.e. to

1
flz) = >
However, ||f|lcc = o0, so f ¢ L*°[0, 1].
7.3.10 Suppose that f € LP(FE) where 1 < p < oo, and fix € > 0. By
Theorem 7.3.9, there exists a compactly supported function g € LP(FE) such
that ||f — gll, < <.

By Corollary 3.2.15, there exist simple functions ¢,, that converge point-
wise to f and satisfy |¢,| < |g| a.e. Hence |g — ¢, |P — 0 a.e., and

9= dul” < (l9l+1¢al)” < (209])" = 279I” € L'(E).

The Dominated Convergence Theorem therefore implies that

lg — dnllh = / lg —dnlP — 0 asn — oo.
E
Hence if we choose n large enough then we will have

1f = ¢nlly < 1f =gl +1lg = dnllp < 26

Each function ¢, belong to S., so we conclude that S, is dense in LP(E).

Suppose p = oo and f € L®(E). Then |f(x)] < || f|lcc except for points x
in a set Z that has measure zero. Hence f is bounded on Z€, and therefore
Corollary 3.2.15 implies that there exist simple functions that converge uni-
formly to f on Z°. Consequently these simple functions converge in L>°-norm
to f, so the set of simple functions is dense in L*°(R).

7.3.18 Fix f € L"(E). For each k € N, define

and set
hi. = gk - XEA[—k k-
Note that

M%=/MW=/ mmg/ o< @R < oo
E EN[—k,k]4 EN[—k,k]4

Therefore hi, € LP(E). If ¢ is finite, then a similar argument shows that
hi € LY(E). On the other hand, if ¢ = oo then we have hy, € L>°(FE) since
hi is bounded. In any case, we see that hy € LP(E) N L(E).

Additionally, hy — f pointwise, so |f — hx| — 0 pointwise, and we have
|f — h|” < |f|” € LY(E). Because r is finite, we can apply the Dominated
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Convergence Theorem to obtain
lim || f—hilly = mn/ﬂf—hw‘zo
k—o0 k—oo J g

That is, hy — f in L™-norm. Since hy € LP(E)NL1(E) for every k, it follows
that LP(E) N LY(E) is dense in L"(FE).

7.4.6 Suppose that {f,}nen is a complete sequence in a normed space X,
and let

N
S = {Z rnfn o N >0, Re(ry), Im(ry,) € @}.
n=1

Then S is countable, and we claim it is dense in X. Without loss of generality,
we may assume that each vector f,, is nonzero.

Choose any f € X and fix ¢ > 0. Since span{f,} is dense in X, there
exists a vector

N
g = chfn € Span{fn}
n=1

such that ||f — g|| < e. For each n € N, choose a scalar r,, with real and
imaginary parts such that

1
Cn —Tn| < 77
len =ral < ST

and set
N

ho=Y rofn

n=1

Then h € S and

N N
9
lg=hll < D lea—ral Ifull < D 77 = &

Hence
[f=nhll < If=gll+lg—hll < 2e.

This shows that S is dense in X.
8.1.2 (a) This follows from linearity in the first variable and the fact that

{z,y) = (y, ).
(b) Given z, y € H,
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lz+yl* = (@ +y,z+y)
= <‘T7‘T> + <‘T7y> + <y,I> + <yay>

[|z]|* + 2 Re(z, y) + |ly||*-

(c) This follows immediately from part (b).
(d) Given z, y € H,
l+ yl* + |l —
= |l2l* + (2, 9) + (. @) + yl* + 2] = (@, y) — (g, 2) + |ly]]?
2l® + 2yl

8.1.13 It is clear that (-,-) is an inner product on H.

To show that H is complete, suppose that { f, }nen is a Cauchy sequence in
H. Then {f,}nen is a Cauchy sequence in L?[a, b], so there is some function
f € L?[a,b] such that f,, — f in L?-norm. Also, { f! },en is a Cauchy sequence
in L?[a, b, so there is some function g € L?[a, b] such that f) — g in L?>-norm.

For future reference, note that since [a,b] has finite measure, we can use
the CBS Inequality to compute that for each function F € L?[a,b] we have

b bo\1/2 b 1/2
17l = 11 < < / 12) ( / |F|2> — (b a)|F|..

This problem would be significantly easier if we knew that { f,,(a) }nen was
a Cauchy sequence. However, we have not yet established that (and I do not
see an easy way to infer it). So, recall that f,, is absolutely continuous, and
define

hoe) = ful2) — fula) = /wf;, z € fab]

For each x we therefore have

(@) = b = | [ (Frn = £2)
< [T -1
< = fall < b =a) 20 = fhll2.

Consequently
hin = halle = sup |fm(@) = fa(@)] < (0—=a) || f} = full2-

Since {f!}nen is Cauchy in L?-norm, we conclude that {h, }nen is Cauchy
with respect to the uniform norm. Since each f,, is continuous and C|a, b
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is a Banach space with respect to || - ||y, this implies that there exists some
continuous function h such that h,, — h uniformly.

Since f, — f in L?-norm, there is a subsequence such that f,, — f a.e.
If z is such that f,, () — f(z), then we also have h,, (z) — h(x). Therefore
fn,, (@) converges, because

C = hm fn,(a) = hm (fnk( ) — fnk(lv)‘f‘fnk(a))
tim (o)) = Jim (fo (@) = fur(@)

k—o0
= f(x) = h(x).

Hence f = h+ C a.e. Thus f is equal a.e. to the continuous function h + C.
Since f is only defined up to a set of measure zero, we can redefine f on a
set of measure zero and take f = h + C. That is, we choose a representative
of f such that f =h+C.

Since [a, b] has finite measure, g is integrable and we can define

G(r) = /zg(t)dt + C, x € [a,b].

This function G is absolutely continuous and G’ = g a.e. Also, given x € [a, ]
we have

[f(@) = G(x)| = lim |fy, () - G(z)|

=11m‘/fnk+fnk /f—C’

< lim '/ (f;—g)‘ + lim fu() — C
k—oc0 a k—o0

< lim [y, =gl + 0
k—oc0

< lim (b—a)'?|f, —gl2 = 0
k—oo

Hence G = f. Therefore f is absolutely continuous, f' = G’ = g a.e., and

If = full = If = fullz + 11f = fall2
= |lf = full2 + llg = £all2

— 0 asn—0.

Therefore f,, — f in the norm of H, and hence H is complete.

8.2.5 E and O are clearly subspaces. If f, € E and f, — f in L?-norm,
then there exists a subsequence such that f,,, — f a.e. Therefore for almost
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every x we have

f(—i[:) = lim fnk( JJ) = kli?;ofnk(‘r) = f(x)a

k—o0

so f € E. Therefore E is closed, and similarly O is closed.

If f € Eand g € O, then fg is odd, and therefore (f, g) = 0. This shows
that £ C O+ and O C EL.

Suppose that f € O+. Given t € R and h > 0, the function

Xo = Xpten] = X[—t—h,—4]

0= (f.X) = /tth - /_:hf-
TR

Applying the Lebesgue Differentiation Theorem, it follows that for almost
every t we have

t+h
10 =g = gmy 0= o0

Therefore f is even. This shows that O+ C E, and a similar argument shows
that £+ C O.

is odd, so

Therefore

8.2.13 Suppose that z, y € span(A) are given. Then there exist vectors
yn € span(A) such that z,, — = and y, — y in norm. Therefore z,, + y, —
x4y in norm. As x,+y, € span(A) for every n, it follows that z+y belongs to
the closure of span(A), which is span(A). Therefore span(A) is closed under
vector addition, and a similar argument shows that it is closed under scalar
multiplication. Therefore Span(A) is a subspace of X. By definition span(A)
is a closed set, so it is a closed subspace.

(b) Suppose that M is a closed subspace of X and A C M. Since M
is closed under vector addition and scalar multiplication, it follows that
span(A4) C M. Since M is closed under limits, it follows that M contains
every limit of elements of span(A). The set of all such limits is the closure of
the span, so we have shown that span(A) C M.

8.2.21 Suppose that g, € M and g, — g € L?(R?). Then there exists a
subsequence g,, — g pointwise a.e. Each g, is zero a.e. outside of M, so it
follows that g = 0 a.e. outside of M as well. Therefore g € M, and hence M
is closed.

If f € L%(R?), then p= fXg € M. Let e = f —p, and choose any function
g € M. Note that e(xz) = 0 for a.e. z € E. On the other hand, if g € M then
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g(x) =0 for a.e. x ¢ E. Therefore e(z) g(z) = 0 for a.e. x. Hence
o) = [ )i = o
R4

This shows that e € M*. Since we have written f = p+ e where p € M and
e € M+, one of the characterizations of orthogonal projections tells us that
p is the orthogonal projection of f onto M.

8.3.19 We follow the idea of the Gram—Schmidt procedure.

Suppose that H is infinite-dimensional. We proceed inductively. Since H #
{0}, it contains some unit vector z.

Once orthonormal vectors zi,...,z, have been constructed, let H, =
span{x1,...,2z,}. Then H, # H, since H is infinite-dimensional. Hence there
exists a vector y,+1 ¢ Hy,. Let p,t1 be the orthogonal projection of y,,41 onto
H,,. Then py41 # Yn+1, SO €nt1 = Yn+1 — Pnt1 1S not the zero vector. Letting

o €n+1
InJrl -
”en-i-l H
we see that {z1,...,%n, Tnt1} i an orthonormal sequence.

By repeating this forever we obtain an infinite orthonormal sequence
T1,T2y....

8.3.23 (a) Suppose that > ||zy|| < co. This is a series of nonnegative real
numbers, so Theorem 8.3.3 implies that for any bijection o: N — N we have
> 1oyl < oo. Therefore the series ) () converges absolutely. Since X
is a Banach space, every absolutely convergent series in X converges (see
Theorem 1.2.8). Therefore ) x,(,) converges in X. Since this is true for
every bijection o, the series Y x,, is unconditionally convergent.

(b) If H is infinite-dimensional, then it contains an infinite orthonormal
sequence {en}nen. Then the series Y Le, converges unconditionally (since
3> 1/n% < 00), but it does not converge absolutely.

8.4.7 For n = 0 we have
~ 1 1
f(0) = / xdr = =.
O 2

For n # 0, we use integration by parts with « = z and dv = e 2™ dx to
compute that

1

1 —2minx 1 —2minz
~ o ze e
fln) = xe Ty = 2 | —dzx
0 —2min |, 0 —2min
672771'77, -0 67271'1-71 1 1
—2min (=2min)? |, —2min
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Now,
1

1 3

x 1
I£13 = / e’dr = — 3
2 0 3, 3

Applying the Plancherel Equality, we therefore have

3 = 171 = S IfeP = [FOP + Y17

nez n#0

1
+ 2 o
n#0

=1
= + 22 22’
n=1

1 =

] =

Therefore
1 1 1 2 1
B3I i
which after rearranging yields

i1747r2 77T2
n2 212 6

n=1

9.1.20 We use Minkowski’s Integral Inequality to compute that

(/:: ‘/_(: Fy) g(z —y)dy pdx) 1/p

H/Z fW)g(-—y)dy

1S *gllp

p

IN

[ 1@l gl dy

|15 gl

— 00

= £l Mlgllp-

9.1.32 First proof, covering 1 < p < oc.

The convolution-based solution to Problem 7.4.5 for the case p = 1 can be
extended to finite p as follows.

We are given f € LP(R) such that [ f¢ = 0 for every ¢ € C°(R). Let
k € C>*(R) be such that [k =1, and set ky(z) = Nk(Nz). If we fix ¢ € R,
then ky(t — x) € C2°(R), so by hypothesis we have
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(fxkn)(t) = / f@)kn({t—2a)dz = 0.

But f*kny — f in LP-norm, so this implies that f =0 a.e.

Second proof, covering 1 < p < oo.

The solution to Problem 7.4.5 can essentially be repeated for this range of
p. For completeness, we give the details below.

We are given f € LP(R) such that [ f¢ = 0 for every ¢ € C°(R). Sup-
pose that g is any function in L?' (R). Since 1 < p/ < oo (this is why we
assumed p > 1), we know that C2°(R) is dense in L* (R). Therefore there
exist functions ¢, € C°(R) such that ||g — ¢r|,y — 0 as k — co. Applying
the hypotheses and Hélder’s Inequality, we compute that

o= |

0+ [£lpllg = onllp

— 0 ask — oo.

IN

IN

Therefore [ fg =0 for every g € L¥ (R). Applying the Converse to Holder’s
Inequality, we conclude that

/ f g’ = 0.
Therefore f =0 a.e.
9.2.18 (a) If f € L'(R) is even, then (by making the change of variables
x +— —x) we compute that

[fllp = sup

llgllr =1

e = [ swentoma

- / F(—a) e=2mi-O2) gy

[ flx)e & dr = fle).

(b) Suppose that f € L*(R) and [ is even. Set g(z) = (f(2) + f(—x))/2.
Then, since fis even,

~ -~ ~ ~
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The Uniqueness Theorem therefore implies that f = g a.e. Hence f is even
almost everywhere, and therefore has a representative that is even.

9.2.22 Suppose f € L'(R) satisfies f = f x f. Then f(f) = f(§)2, S0 f(f)
takes only the values 0 or 1 for every £. But fis continuous, so this implies
that f is either identically O or identically 1. The latter is impossible by the

Riemann-Lebesgue Lemma, so f: 0. By the Uniqueness Theorem, it follows
that f =0 a.e.

9.3.20 (a) Fix f € C(T) and € > 0. Since f is uniformly continuous, there
exists 0 < § < 1 such that
[z -yl <é = [fl2) - fly)l <e

Fix |a| < 4. Then

lf(2) = Tof(@)] = [f(z) = fx—a)| < e
Thus || f — Toflleo < & whenever |a| < §, so |[Tuf — fllec — 0.

(b) We will reduce the problem to the point where we can apply facts
about the denseness of C.(R) in LP(T).

Fix 1 < p < 00, and choose f € LP(T) and £ > 0. Applying the Dominated
Convergence Theorem, there must exist some 0 < § < % such that

g = [ Xp2s1-25)

1 1/p
1 =gll, = (/ If—gl”) <e

Although f is 1-periodic, the function ¢ is identically zero outside of the
interval [24,1 — 24], so g belongs to LP(R). Since C.(R) is dense in LP(R),
there exists a function § € C.(R) such that

oo 1/p
lg— 6l = (/ |g—o|p> <«

Since g is identically zero outside of [24,1 — 2§], we can modify 6 so that

e 0 is unchanged on [26,1 — 24],
e 0 =0 outside of [4,1 — ¢],
o g0l <e

satisfies

Since #(0) = 6(1), we can take 6 on the interval [0,1) and extend it 1-
periodically to R to obtain a continuous, 1-periodic function on R. This func-
tion 6 belongs to C(T), and, computing the integrals on the domain [0, 1),

If =0l < IIf —gllo+llg—0llp < 2e
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Therefore C(T) is dense in LP(T).

Now we will show that translation is strongly continuous on LP(T). Fix
1 < p < o0, and choose f € LP(T). Given € > 0, we can find g € C(T) such
that || f — gl < e. Since g is uniformly continuous, there exists a § > 0 such
that
la| <6 = ||lg — Tuglleo < €.

Therefore, for such a we have

1 1
lo=Tuglly = [ lote) - Tug()Pdo < [ erds = o
0 0
Since translation is isometric on LP(T), we therefore have for |a| < § that

If =Tafllp < If = 9llo + [lg = Tagllp + 1Tag = Taflly

< eg4+e+e = 3¢

Hence T,f — f in LP(T) as a — 0.

9.4.9 The fact that A is linear immediately implies that range(A) is a sub-
space of Y.

Suppose that vectors y, € range(A) converge to a vector y € Y. By the
definition of the range, for each n there is some vector z,, € X such that
Ax, = yn. As A is linear and isometric, we therefore have

[2m — 2nll = |A@m —z)l| = [[Azm — Aznll = [[ym — yull- (A)

But {yn}nen is Cauchy in Y (because it converges), so equation (A) implies
that {zp }nen is Cauchy in X. Since X is complete, there is some z € X such
that x, — x. As A is bounded and therefore continuous, this implies that
Az, — Az. By assumption we also have Az, = y, — y, so the uniqueness
of limits implies that y = Az. Thus y € range(A). This shows that range(A)
contains every limit of points from range(A), so it is a closed set.



