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Abstract The paper considers the basis and frame properties of the system
of weighted exponentials E(g,Z\F ) = {e2πinxg(x)}n∈Z\F in L2(T), where g ∈
L2(T)\{0} and F ⊂ Z. It is shown that many of the frame properties of
E(g,Z\F ) are affected by the cardinalities of F and the behavior of the zeros
of g.
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1 Introduction

Given a function g ∈ L2(T), where T = [0, 1], and given a set of frequencies
S ⊆ Z, the system of weighted exponentials generated by g is the collection
E(g, S) = {e2πinxg(x)}n∈S . If g = 1 and S = Z then this is the usual trigono-
metric system, which is an orthonormal basis for L2(T). Systems of weighted
exponentials play an important role in many areas, such as sampling theory.
For example, if we embed E(g, S) into L2(R) by extending functions by zero
outside of T, then we can create sampling theorems based on the properties

Dedicated to Prof. Kil H. Kwon on the occasion of his 60th birthday.

G.J. Yoon was supported by the NAP (National Agenda Project) of the Korea Research
Council of Foundational Science and Technology. C. Heil was partially supported by NSF
Grant DMS-0806532.

G.J. Yoon
National Institute of Mathematical Sciences, Daejeon 305-811, Korea
E-mail: ykj@nims.re.kr

C. Heil
School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332-0160 USA
E-mail: heil@math.gatech.edu



2 Gang Joon Yoon, Christopher Heil

of {ϕn}n∈S where ϕn is the inverse Fourier transform of e2πinxg(x)χT(x). For
details on sampling and nonharmonic Fourier series (where S is allowed to
contain noninteger frequencies), we refer to the text by Young [25], and for
connections to the theory of reconstruction from irregular samples see [1], [13].

In this paper we are interested in the completeness or overcompleteness
properties of E(g, S), and in the question of whether E(g, S) can be a frame
for L2(T). In general, a complete system need not be a frame. Frames have the
advantage that they provide unconditionally convergent, basis-like representa-
tions, though these representations are generally not unique. Frames appear in
a wide range of areas and applications, including sampling theory [1], sparse
representations [7], operator theory [14], wavelet theory [10], wireless commu-
nications [23], data transmission with erasures [12], signal processing [4], and
quantum computing [11].

One of the earliest results on the properties of weighted exponentials is due
to Boas and Pollard [6]. In their classic paper on multiplicative completion,
Boas and Pollard showed if F is any a finite subset of Z, then there exists a
function g such that E(g,Z\F ) = {e2πinxg(x)}n/∈F is complete in L2(T). There
are a surprising number of equivalent reformulations and interesting related
results, for which we refer to the paper by Kazarian and Zink [21] and the
references contained therein.

Completeness is a fairly weak condition; in many situations we would like
to know if we have a Schauder basis or other basis-like properties, such as being
a frame. Kazarian has shown, for example, that if finitely many elements are
removed from the trigonometric system, then the resulting set {e2πinx}n/∈F

cannot be a Schauder basis for Lp(µ), where µ is a bounded Radon measure
[18], [19], and in [20] he studied systems {e2πinx}n/∈F in Lp(µ) where F is a
finite sequence of consecutive integers. In this paper we address the basis and
frame properties of sets of weighted exponentials of the form {e2πinxg(x)}n/∈F

in L2(T) where F is an arbitrary subset of Z, with special interest in the case
g(x) = xN .

To motivate our results, consider the full lattice system of weighted exponen-
tials E(g,Z) =

{
e2πinxg(x)

}
n∈Z

. The basis and frame properties of this system

in L2(T) are summarized in the following theorem (terminology is defined pre-
cisely in Section 2.1). For a complete proof of this result, see Theorem 10.10
in the text [15].

Theorem 1 Let Zg = {x ∈ [0, 1] : g(x) = 0} denote the zero set of g ∈ L2(T).

(a) E(g,Z) is complete in L2(T) if and only if g 6= 0 a.e.

(b) E(g,Z) is minimal in L2(T) if and only if 1/g ∈ L2(T). Moreover, in this
case it is exact and the biorthogonal system is E(g̃,Z) where g̃ = 1/g.

(c) With respect to the ordering Z = {0,−1, 1,−2, 2, . . . }, E(g,Z) is a Schauder
basis for L2(T) if and only if |g|2 belongs to the Muckenhaupt weight class
A2(T).

(d) E(g,Z) is a Bessel sequence in L2(T) if and only if g ∈ L∞[0, 1]. Moreover,
in this case |g(x)|2 ≤ B a.e. where B is a Bessel bound.
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(e) E(g,Z) is a frame sequence in L2(T) if and only if there exist A, B > 0
such that A ≤ |g(x)|2 ≤ B for a.e. x /∈ Zg. In this case, the closed span
of E(g,Z) is Hg =

{
f ∈ L2(T) : f = 0 a.e. on Zg

}
, and A, B are frame

bounds for E(g,Z) as a frame for Hg.

(f) E(g,Z) is an unconditional basis for L2(T) if and only if there exist A,
B > 0 such that A ≤ |g(x)|2 ≤ B for a.e. x, and in this case it is a Riesz
basis for L2(T).

(g) E(g,Z) is an orthonormal basis for L2(T) if and only if |g(x)| = 1 for
a.e. x.

A much more difficult question is the basis and frame properties of the
“irregular” system E(g, Λ) =

{
e2πiλxg(x)

}
λ∈Λ

when Λ is an arbitrary count-
able sequence in R. For background and references on this subject, we refer to
the paper [17]. Even more difficult are the cases of “irregular” Gabor systems
{e2πiβxg(x−α)}(α,β)∈Γ and wavelet systems {a1/2ψ(ax− b)}(a,b)∈Γ in L2(R).
Typically, in each of these cases necessary conditions for the system to be a
frame can be formulated in terms of the Beurling densities of the index set.
For example, weighted exponentials and Gabor systems both exhibit a Nyquist
density cutoff density [2], [3], [22], whereas the situation for wavelet systems
is much more subtle [5], [16], [24].

Our focus in this paper is the case where the index set Λ is a subset of the
integers. For motivation, set

en(x) = e2πinx

and consider the weighting function g(x) = x. The system {xen(x)}n6=0 is
exact in L2(T), and therefore has a unique biorthogonal dual system, but
because the index set Z\{0} is not a lattice, Theorem 1 does not apply, and
in fact the dual system is not a system of weighted exponentials. Instead, we
have the following result.

Theorem 2 The sequence {xen(x)}n6=0 is exact in L2(T), and its biorthogonal

sequence is {ẽn}n6=0 =
{

e2πinx−1
x

}
n6=0

. This dual system is exact in L2(T) but

not bounded above in norm, and therefore {xen(x)}n6=0 is not a Schauder basis
for L2(T).

Proof The biorthogonality follows from a direct calculation. To show com-
pleteness, suppose that f ∈ L2(T) satisfies 〈f(x), xen(x)〉 = 0 for every n 6= 0.
Then the function xf(x) belongs to L2(T) and is orthogonal to en for every
n 6= 0, so we must have xf(x) = c a.e. where c is a constant. If c 6= 0 then
f(x) = c/x /∈ L2(T), which is a contradiction. Therefore c = 0, so f = 0 a.e.
and {xen(x)}n6=0 is complete. A direct computation shows that

‖ẽn‖2
2 = 4πn

∫ 2πn

0

sinx

x
dx < ∞,

so ẽn ∈ L2(T). Since
∫ 2πn

0
sin x

x dx → π
2 as n → ∞, we see that {ẽn}n6=0 is

not bounded above in norm. However, {xen(x)}n6=0 is bounded above and
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below in norm, so if it was a Schauder basis then its biorthogonal system must
would also be bounded above and below in norm (see [15, Sect. 5.6]). Therefore

{xen(x)}n6=0 cannot be a Schauder basis for L2(T).
To complete the proof, it remains to show that {ẽn}n6=0 is complete in

L2(T). Suppose that h ∈ L2(T) satisfies 〈h, ẽn〉 = 0 for n 6= 0. If we define

ẽ0(t) = e−2πi0·t−1
t = 0, then 〈h, ẽn〉 = 0 for all n ∈ Z. Set g(t) = h(t) e2πit−1

t ∈
L2(T). Then for every m ∈ Z we have

〈g, em〉 =

∫ 1

0

g(t) e−2πimt dt

=

∫ 1

0

h(t)
e−2πi(m−1)t − 1 + 1 − e−2πimt

t
dt

= 〈h, ẽm−1〉 − 〈h, ẽm〉 = 0.

Therefore g = 0 a.e., which implies h = 0 a.e. ⊓⊔
The main results obtained in this paper can be summarized as follows. For

g(x) = xN , we will show in Theorem 3 that if {xNen(x)}n6=F is complete then
|F | ≤ N, and if {xNen(x)}n6=F is minimal then |F | ≥ N. Theorem 4 proves the
equivalence that {xNen(x)}n6=F is exact in L2(T) if and only if |F | = N. With
minor appropriate changes to the proofs, the same results hold for the weights
(x − a)N . We focus in this paper on integer powers of x, but an interesting
topic for future research is to consider the extent to which the results carry
over, or fail to carry over, to weights xα with α noninteger.

Then we consider the general case of g ∈ L2(T) and F finite. We define
a terminology of L2-zeros that measures the degree of singularity of g in L2-
norm (Definition 1), and investigate the relationship between minimality or
completeness of E(g,Z\F ) and properties of g and F. We show in Theorem 8
that E(g,Z\F ) is exact in L2(T) if and only if there exist a finite number of
points α1, . . . , αk and positive integers n1, . . . , nk such that n1 + · · ·+nk ≥ |F |
and g has an L2-zero at αi of order ni for each i = 1, . . . , k. In this case, we
show that E(g,Z\F ) cannot be a frame for L2(T).

Finally, we prove in Theorem 9 that E(g,Z\F ) can never be a frame for
L2(T) when F is nonempty by showing the nonexistence of a lower frame
bound.

2 Preliminaries

2.1 Terminology

We use standard notations for frames, Riesz bases, and related concepts, as
found in the texts [9], [10], [15], [25], or the research-tutorial [8]. We outline
some particular terminology and facts that we will need in this section.

Let {fi}i∈N be a sequence in a Hilbert space H. We say {fi}i∈N is complete
if its finite linear span is dense in H. It is minimal if there exists a sequence
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{f̃i}i∈N in H that is biorthogonal to {fi}i∈N, i.e., 〈fi, f̃j 〉 = δij for i, j ∈ N.
Equivalently, {fi}i∈N is minimal if fj /∈ span{fi}i6=j for each j ∈ N. A sequence
that is both minimal and complete is called exact. In this case the biorthogonal
sequence is unique.

We say {fi}i∈N is a Schauder basis if for each f ∈ H there exist unique
scalars ci such that f =

∑∞
i=1 cifi. Every Schauder basis is exact, and the

biorthogonal sequence {f̃i}i∈N is also a basis, called the dual Schauder basis.
Further, we have

∀ f ∈ H, f =
∞∑

i=1

〈f, f̃i 〉 fi =
∞∑

i=1

〈f, fi〉 f̃i, (1)

with uniqueness of the scalars in these expansions. If 0 < inf ‖fi‖ ≤ sup ‖fi‖ <
∞, then 0 < inf ‖f̃i‖ ≤ sup ‖f̃i‖ <∞.

A Riesz basis is the image of an orthonormal basis for H under a continu-
ously invertible linear mapping of H onto itself.

We say {fi}i∈N is a frame for H if there exist constants A, B > 0, called
frame bounds, such that

∀ f ∈ H, A ‖f‖2 ≤
∞∑

i=1

|〈f, fi〉|2 ≤ B ‖f‖2. (2)

All Riesz bases are frames, but not conversely.
If {fi}i∈N satisfies at least the second inequality in (2) then we say that

{fi}i∈N is a Bessel sequence or that it possesses an upper frame bound, and we
call B a Bessel bound. Likewise if at least the first inequality in (2) is satisfied
then we say that {fi}i∈N possesses a lower frame bound.

A sequence {fi}i∈N is Bessel if and only if the analysis operator Cf =
{〈f, fi〉}i∈N is a bounded mapping C : H → ℓ2. If {fi}i∈N is a frame then
the frame operator Sf = C∗Cf =

∑〈f, fi〉 fi is a bounded, positive definite,
invertible map of H onto itself. Every frame F = {fi}i∈N has a canonical dual

frame F̃ = {f̃i}i∈N given by f̃i = S−1fi where S is the frame operator. In
particular,

∀ f ∈ H, f =

∞∑

i=1

〈f, f̃i 〉 fi =

∞∑

i=1

〈f, fi〉 f̃i, (3)

and furthermore the series in (3) converges unconditionally for every f (so any
countable index set can be used to index a frame). In general, for a frame the
coefficients in (3) need not be unique. In fact, uniqueness holds if and only if
F = {fi}i∈N is a Riesz basis.

2.2 Lemmas

We will need the following lemmas, which follow by using Taylor series and
properties of Vandermonde determinants.
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Lemma 1 Given N ≥ 1, m ∈ Z, and distinct integers {nk}N
k=1, there exist

unique scalars {ck}N
k=1 such that

em(x) =

N∑

k=1

ckenk
(x) + O(xN ) as x→ 0. (4)

Proof The Taylor series for em and enk
are

em(x) =

∞∑

ℓ=0

(2πim)ℓ

ℓ!
xℓ and enk

(x) =

∞∑

ℓ=0

(2πink)ℓ

ℓ!
xℓ, k = 1, . . . , N.

Since the integers nk are distinct, by using properties of the determinants
of Vandermonde matrices, we see that the N ×N matrix

A =




1 1 · · · 1
n1 n2 · · · nN

...
...

. . .
...

nN−1
1 nN−1

2 · · · nN−1
N




is invertible and there exist unique constants ck satisfying the equations

mℓ =

N∑

k=1

ck n
ℓ
k, ℓ = 0, 1, . . . , N − 1.

Then for ℓ = 0, . . . , N − 1, the coefficients of xℓ in the Taylor series of em(x)

and the trigonometric polynomial
∑N

k=1 ckenk
(x) are the same, so

em(x) −
N∑

k=1

ckenk
(x) = xN

∞∑

ℓ=N

(2πi)ℓ

ℓ!

(
mℓ −

N∑

k=1

ck n
ℓ
k

)
xℓ−N .

This shows that the condition given in equation (4) holds. ⊓⊔

Note that when m is distinct from the integers n1, . . . , nN , we have em −∑N
k=1 ckenk

6= 0 no matter which constants {ck}N
k=1 that we choose. This is

a consequence of the fact that the complex exponentials e2πinx are linearly
independent.

Lemma 2 Given N ≥ 1, let {nk}N
k=1 be distinct integers. If

p(x) =

N∑

k=1

cke
2πinkx

is a trigonometric polynomial such that x−Np(x) ∈ L2(T), then c1 = c2 =
· · · = cN = 0.
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Proof Suppose x−Np(x) ∈ L2(T), and define

f(x) =
∑

m≥N

N∑

k=1

ck
(2πink)m

m!
xm−N , x ∈ [0, 1].

Then f is continuous on [0, 1], so g(x) = x−Np(x) − f(x) ∈ L2(T). On the
other hand, using the Taylor series of p(x) at x = 0 we can rewrite g as

g(x) =

N−1∑

m=0

( N∑

k=1

ck
(2πink)m

m!

)
xm−N .

Since g ∈ L2(T) but xm−N /∈ L2(T) for m = 0, . . . , N − 1, this implies that

N∑

k=1

ck
(2πink)m

m!
= 0, m = 0, 1, . . . , N − 1.

Again using properties of the determinants of Vandermonde matrices, we con-
clude that c1 = c2 = · · · = cN = 0. ⊓⊔

In fact, this proof shows that Lemma 2 holds for distinct real numbers
{nk}N

k=1.

3 Main Results

3.1 Exactness of {xNe2πinx}n∈Z\F for F ⊂ Z

We will consider the sequence

E(xN ,Z\F ) = {xNe2πinx}n∈Z\F = {xNen(x)}n∈Z\F

in L2(T), where F is a subset of Z. The following result applies to all subsets F
of Z.

Theorem 3 Fix F ⊂ Z (where F may be infinite).

(a) If E(xN ,Z\F ) is complete, then |F | ≤ N.

(b) If E(xN ,Z\F ) is minimal, then |F | ≥ N.

Proof (a) Assume |F | > N and let m,n1, . . . , nN be distinct integers in F.
Then Lemma 1 implies that there exist constants c1, . . . , cN such that the
function

f(x) :=

(
em(x) −

N∑

k=1

ckenk
(x)

)
x−N

is not identically zero, belongs to L2(T), and is orthogonal to xNen(x) for each
n ∈ Z\F. Therefore E(xN ,Z\F ) is incomplete.
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(b) There is nothing to prove if |F | = ∞, so assume that F = {nk}M
k=1

is finite. If E(xN ,Z\F ) is minimal, then there exists a biorthogonal sequence
{fm}m∈Z\F in L2(T). Given m ∈ Z\F, we have 〈xNfm, en〉 = δm,n for all
n 6= nk, so there exist constants cm,1, . . . , cm,M such that

fm(x) =

(
em(x) +

M∑

k=1

cm,kenk
(x)

)
x−N .

In fact,
∑M

k=1 cm,kenk
(x) is the Fourier expansion of xNfm(x)− em. Lemma 2

therefore implies that M ≥ N. ⊓⊔

Now we consider the exactness of E(xN ,Z\F ) when F is finite.

Theorem 4 Let F be a subset of Z. Then E(xN ,Z\F ) is exact in L2(T) if
and only if |F | = N.

Proof Theorem 3 shows that if E(xN ,Z\F ) is exact then |F | = N.
For the converse, fix F = {nk}N

k=1 and suppose f ∈ L2(T) is orthogonal to
xNen(x) for all n ∈ Z\F. Then xNf(x) is orthogonal to en for n ∈ Z\F, so

xNf(x) =

N∑

k=1

ckenk
(x)

for some constants c1, . . . , cN . Lemma 2 therefore implies that each ck = 0, so
E(xN ,Z\F ) is complete.

Next, Lemma 1 shows that for each integer m ∈ Z\F there exist constants
cm,1, . . . , cm,N such that the function

g̃m(x) :=

(
em(x) −

N∑

k=1

cm,kenk
(x)

)
x−N

belongs to L2(T) and is not identically zero. For m ∈ Z\F we have

〈
g̃m(x), xNem(x)

〉
=

〈
em −

N∑

k=1

cm,kenk
, em

〉
= 1,

and similarly
〈
g̃m(x), xNen(x)

〉
= 0 for all n ∈ Z\F with n 6= m. Therefore

E(xN ,Z\F ) has a biorthogonal sequence, so it is minimal. ⊓⊔

3.2 Completeness and Exactness of E(g,Z\F )

In this part we will show that the assumption that E(g,Z\F ) is complete or
minimal implies some constraints on the function g.

Theorem 5 Suppose g ∈ L2(T)\{0} and F ⊂ Z is finite and nonempty.
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(a) If E(g,Z\F ) is complete, then g(x) 6= 0 a.e. in [0, 1] and 1/g /∈ L2(T).

(b) Suppose E(g,Z\F ) is minimal and {g̃m}m∈Z\F is a biorthogonal sequence
in L2(T). Then for each m /∈ F, the function pm = g̃m g is a trigonometric
polynomial of the form

pm = em +
∑

k∈F

cm,kek. (5)

(c) E(g,Z\F ) is exact if and only if g(x) 6= 0 a.e. in [0, 1], 1/g /∈ L2(T), and
for m ∈ Z\F there exists a unique trigonometric polynomial pm of the form
given in equation (5) such that pm/g ∈ L2(T).

Proof (a) If Z = {x ∈ [0, 1] : g(x) = 0} has positive measure then χZ is a
nontrivial function that is orthogonal to E(g,Z\F ), so E(g,Z\F ) is incomplete
whenever g vanishes on a set of positive measure.

If 1/g ∈ L2(T) then for each m ∈ F the function em/g ∈ L2(T) is orthog-
onal to E(g,Z\F ), so E(g,Z\F ) is incomplete in this case.

(b) If E(g,Z\F ) is minimal with biorthogonal sequence {g̃m}m∈Z\F then

〈
g̃m g, en

〉
=

〈
g̃m, gen

〉
= δm,n, m, n ∈ Z\F.

Since g̃m g ∈ L1(T) and integrable functions are uniquely determined by their
Fourier coefficients, there exist constants cm,k such that

g̃m g = em +
∑

k∈F

cm,kek.

(c) Suppose that E(g,Z\F ) is exact. Then E(g,Z\F ) is complete, so by
statement (a) we have g 6= 0 a.e. and 1/g /∈ L2(T). Suppose {pm}m∈Z\F is any
sequence of trigonometric polynomials of the form given in equation (5) such
that pm/g ∈ L2(T) for each m ∈ Z\F. Then for m, n ∈ Z\F we have

〈
pm/g, gen

〉
= 〈pm, en〉 = 〈em, en〉 = δmn. (6)

Thus {pm/g}m∈Z\F is biorthogonal to E(g,Z\F ). However, since E(g,Z\F ) is
exact it has a unique biorthogonal sequence {g̃m}g∈Z\F . Hence pm = g̃m g for
each m ∈ Z\F, and thus the sequence {pm}m∈Z\F is unique.

For the converse, suppose that g 6= 0 a.e., 1/g /∈ L2(T), and unique trigono-
metric polynomials pm of the given form exist. As in equation (6), it follows
that {pm/g}m∈Z\F is biorthogonal to E(g,Z\F ), so E(g,Z\F ) is minimal. Now
let {g̃m}m∈Z\F be an arbitrary biorthogonal sequence to E(g,Z\F ). Then by
statement (b), the functions g̃m g are trigonometric polynomials of the form
given in equation (5), so we must have g̃m g = pm. As g is nonzero almost
everywhere, this implies that g̃m = pm/g. Hence the biorthogonal system to
E(g,Z\F ) is unique, which implies that E(g,Z\F ) is exact. ⊓⊔

For example, E(
√

2χ[0,1/2], 2Z) is minimal in L2(T) since it is biorthogonal
to itself, but it is not complete.
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3.3 Properties of atoms g

Let g ∈ L2(T)\{0} be such that E(g,Z\F ) is exact. In this case, we have
shown that for each m ∈ Z\F there exists a unique trigonometric polynomial
pm = em +

∑
k∈F cm,kek such that pm/g ∈ L2(T), even though 1/g /∈ L2(T).

In this part we will characterize such functions g.
We will need the following independence lemma.

Lemma 3 Given α1, . . . , αk in [0, 1] and distinct positive integers n1, . . . , nk,
let q(x) = (x− α1)

n1 · · · (x− αk)nk , so q is a polynomial of degree

N := n1 + · · · + nk.

Let

m(x) =

N∑

γ=1

cγe
2πiλγx

be a trigonometric polynomial, where λ1, . . . , λN are distinct integers. For j =
0, 1, . . . , nℓ − 1 and ℓ = 1, 2, . . . , k define

zj,ℓ =
(
λj

1e
2πiλ1αℓ , . . . , λj

Ne
2πiλN αℓ

)
∈ C

N . (7)

If the N vectors {zj,ℓ} are linearly independent, then m/q ∈ L2(T) if and only
if m = 0.

Proof Suppose that m/q ∈ L2(T). For ℓ = 1, . . . , k, let Iℓ be an interval
containing αℓ and away from any point αj for j 6= α. That is, for each ℓ =
1, . . . , k we require that

inf{|x− αi| : x ∈ Iℓ and i 6= ℓ} > 0.

This implies that the absolute value of the polynomial

pℓ(x) =
∏

i6=ℓ

(x− αi)
ni =

q(x)

(x− αℓ)nℓ

is bounded below on Iℓ, and for any j ≥ 1 we have

1

(x− αℓ)j
/∈ L2(Iℓ).

Since m/q ∈ L2(T), it is obvious that

m(x)

(x− αℓ)nℓ
=

m(x) pℓ(x)

q(x)
∈ L2(Iℓ).

Let mℓ be the Taylor polynomial for m of degree nℓ − 1 about the point
αℓ, i.e.,

mℓ(x) =

nℓ−1∑

j=0

m(j)(αℓ)

j!
(x− αℓ)

j .
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The remainder term Rℓ = m−mℓ satisfies

Rℓ(x)

(x− αℓ)nℓ
=

∞∑

j=nℓ

m(j)(αℓ)

j!
(x− αℓ)

j−nℓ ∈ L2(Iℓ).

Note that the convergence radius of the series on the right side of the equation

above is ∞, so Rℓ(x)
(x−αℓ)

nℓ
is bounded on Iℓ. Therefore

nℓ−1∑

j=0

m(j)(αℓ)

j!
(x− αℓ)

j−nℓ =
m(x) −Rℓ(x)

(x− αℓ)nℓ
∈ L2(Iℓ),

which implies that m(j)(αℓ) = 0 for j = 0, . . . , nℓ − 1. Thus m satisfies the
equations

m(j)(αℓ) = 0, j = 0, . . . , nℓ − 1, ℓ = 1, . . . , k.

Equivalently,

N∑

γ=1

cγ (2πiλγ)j e2πiλγαℓ = 0, j = 0, . . . , nℓ − 1, ℓ = 1, . . . , k.

The independence assumption on the vectors zj,ℓ given in equation (7) there-
fore implies that cγ = 0 for γ = 1, . . . , N, and therefore m = 0. ⊓⊔

Lemma 3 can be generalized by using the following terminology.

Definition 1 Given a function f ∈ L2(T) and a point α in [0, 1], we say that
f has an L2-zero at α of order k ∈ N if there exists a nondegenerate interval
I having α as a limit point such that

fk(x) :=
(x− α)k

f(x)
χI(x) ∈ L2(T)

but

fi(x) :=
(x− α)i

f(x)
χI(x) /∈ L2(T), i = 0, . . . , k − 1.

Note that, in this case, it follows that if J ⊂ I is an interval having α as a
limit point then

fk(x) :=
(x− α)k

f(x)
χJ(x) ∈ L2(T)

but

fi(x) :=
(x− α)i

f(x)
χJ(x) /∈ L2(T), i = 0, . . . , k − 1.

A nonzero function may have infinitely many L2-zeros. For example, f(x) =
x sin 1

x is continuous but 1/f /∈ L2(T), so f has L2-zeros of order 1 at x =
1/(nπ) for all integers n > 0.
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Using the notion of L2-zeros, we see that Lemma 3 holds if we replace the
polynomial q(x) = (x− α1)

n1 . . . (x− ak)nk by a function g ∈ L2(T) that has
an L2-zero at αi of order ni for each i = 1, . . . , k. To be precise, we have the
following lemma, which can be proved using an argument similar to the one
used to prove Lemma 3.

Lemma 4 Fix points α1, . . . , αk ∈ [0, 1] and positive integers n1, . . . , nk. As-
sume that g ∈ L2(T)\{0} satisfies:

(a) g has an L2-zero at αi of order ni for i = 1, . . . , k, and

(b) (1/g)χI ∈ L2(T) for any interval I ⊂ [0, 1] that is away from the constants
α1, . . . , αk, i.e., I satisfies

dist(I, {αi}k
i=1) := inf{|x− αi| : x ∈ I, i = 1, . . . , k} > 0.

Let m(x) =
∑N

γ=1 cγe
2πiλγx be a trigonometric polynomial with N := n1 +

· · · + nk, where λ1, . . . , λN are distinct integers. If the N vectors
(
λj

1e
2πiλ1αℓ , . . . , λj

Ne
2πiλN αℓ

)
, j = 0, . . . , nℓ − 1, ℓ = 1, . . . , k, (8)

are linearly independent in C
N then m/g /∈ L2(T), otherwise m = 0.

Proof Suppose that m/g ∈ L2(T). For ℓ = 1, . . . , k, let Iℓ be an interval
containing αℓ and away from any point αi with i 6= ℓ. Let mℓ be the Taylor
polynomial for m of degree nℓ − 1 about the point αℓ, i.e.,

mℓ(x) =

nℓ−1∑

j=0

m(j)(αℓ)

j!
(x− αℓ)

j .

From the proof of Lemma 3, we can see that for the remainder function Rℓ =
m−mℓ, the function defined by

Rℓ(x)

(x− αℓ)nℓ
=

∞∑

j=nℓ

m(j)(αℓ)

j!
(x− αℓ)

j−nℓ

is bounded for any x ∈ T, so Rℓ(x)
(x−αℓ)

nℓ
∈ L2(Iℓ). Therefore

1

g(x)

∞∑

j=nℓ

m(j)(αℓ)

j!
(x− αℓ)

j =
(x− αℓ)

nℓ

g(x)

Rℓ(x)

(x− αℓ)nℓ
∈ L2(Iℓ).

Combining this with the assumption that m/g ∈ L2(T), we obtain

m(x) −Rℓ(x)

g(x)
=

1

g(x)

nℓ−1∑

j=0

m(j)(αℓ)

j!
(x− αℓ)

j

=

nℓ−1∑

j=0

m(j)(αℓ)

j!

(x− αℓ)
j

g(x)
∈ L2(Iℓ).
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Inductively, for j = 1, . . . , nℓ − 1, multiplying by (x− αℓ)
nℓ−j , we see that

m(j)(αℓ)(x− αℓ)
j

g(x)
∈ L2(Iℓ), j = 0, . . . , nℓ − 1.

This implies that m(j)(αℓ) = 0 for j = 0, . . . , nℓ − 1. Thus m satisfies the
equations

m(j)(αℓ) = 0, j = 0, . . . , nℓ − 1, ℓ = 1, . . . , N.

Equivalently,

N∑

γ=1

cγ (2πiλγ)j e2πiλγαℓ = 0, j = 0, . . . , nℓ − 1, ℓ = 1, . . . , N.

The independence assumption on the vectors zj,ℓ given in equation (8) there-
fore implies that m = 0. ⊓⊔

Theorem 6 Let g ∈ L2(T) be such that 1/g /∈ L2(T). Let {pm}m∈Z\F be a
sequence of trigonometric polynomials pm of the form given in equation (5).
Then pm/g ∈ L2(T) for each m ∈ Z\F if and only if there exist a finite number
of points α1, . . . , αk and positive integers n1, . . . , nk such that

(a) αi is an L2-zero of g of order ni for each i = 1, . . . , k,

(b) for any closed interval I not containing α1, . . . , αk we have (1/g)χI ∈
L2(T), and

(c) for every m ∈ Z\F, p(j)
m (αi) = 0 for i = 1, . . . , k and j = 0, . . . , ni − 1.

Proof Assume that pm/g ∈ L2(T) for each m ∈ Z\F . Suppose there was an
m ∈ Z\F such that pm(x) 6= 0 for all x ∈ [0, 1]. Then |pm(x)| ≥ r > 0 on [0, 1],
and since pm/g ∈ L2(T), this implies 1/g ∈ L2(T), which is a contradiction.

Therefore, each pm for m ∈ Z\F has zeros in [0, 1], say {βm,k}nm

k=1. Let nm,k

be the order of the zero at βm,k, i.e., the Taylor series of pm about x = βm,k

has the form

pm(x) = (x− βm,k)nm,k qm,k(x),

where

qm,k(x) =

∞∑

j=nm,k

p
(j)
m (βm,k)

j!
(x− βm,k)j−nm,k

belongs to L2(T) and qm,k(βm,k) 6= 0.

Choose nondegenerate intervals Im,1, . . . , Im,nm
such that

(1) Im,i ∩ Im,j = ∅ for i 6= j, and

(2) Im,k contains βm,k but no point βm,j with j 6= k.
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Here I denotes the closure of I. Since |pm| is bounded below on the set D :=
[0, 1]\∪nm

i=1Im,i and since (pm/g)χD ∈ L2(T), we infer that (1/g)χD ∈ L2(T).
If 1/g ∈ L2(Im,k) for all k = 1, . . . , nm, then

1

g
=

nm∑

i=1

1

g
χIm,i

+
1

g
χD,

and therefore 1/g ∈ L2(T), which is a contradiction.

Combining the relation

pm

g
=

nm∑

i=1

pm

g
χIm,i

+
pm

g
χD

with the assumption that pm/g ∈ L2(T), there exists a nonempty subset
{αm,i}Nm

i=1 of {βm,k}nm

k=1 such that g has an L2-zero at αm,i of order γm,k for

k = 1, . . . , Nm and for any βm,j ∈ {βm,k}nm

k=1\{αm,i}Nm

i=1 we have (1/g)χIm,j
∈

L2(T).

Thus we have shown that for each m ∈ Z\F, g has L2-zeros Am :=
{αm,i}Nm

i=1 such that

(i) for each k = 1, . . . , Nm, there exists an integer γm,k ≥ 1 such that

(x− αm,k)γm,k

g(x)
χIm,k

(x) ∈ L2(T) but
(x− αm,k)i

g(x)
χIm,k

(x) /∈ L2(T)

for i = 0, 1, . . . , γm,k − 1, where Im,k is an interval away from {αm,i}i6=k;

(ii) for any interval I away from {αm,i}Nm

i=1 we have 1
g
χI ∈ L2(T).

We will show that all the sets Am are the same, that is, Ai = Aj for
every i, j ∈ Z\F. Suppose that there were i and j such that Ai 6= Aj . Then
there exists a point αjk ∈ Aj \ Ai. Choose an interval Iα containing αjk

such that Iα ∩ (Ai ∪ {αjn}n6=k) = ∅. Then from condition (i) with m = j
we have that (1/g)χIα

/∈ L2(T), but condition (ii) with m = i implies that
(1/g)χIα

∈ L2(T), which is a contradiction. So for all m ∈ Z\F we have
Am = {αi}k

i=1 where g has an L2-zero of order ni for i = 1, . . . , k. This proves
the claims (a)–(c).

Conversely, assume that there exist a finite number of points α1, . . . , αk

and positive integers n1, . . . , nk for which the conditions (a)–(c) hold. In this
case, we can show easily that pm/g ∈ L2(T) for each m ∈ Z\F. ⊓⊔

Theorem 7 Let g ∈ L2(T) be such that 1/g /∈ L2(T). Assume there exist a
finite number of points α1, . . . , αk and positive integers n1, . . . , nk such that g
has an L2-zero at αi of order ni for each i = 1, . . . , k. Assume that (1/g)χI ∈
L2(T) for any interval I away from {αi}k

i=1. If n1 + · · · + nk < |F |, then
E(g,Z\F ) is incomplete.
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Proof Assume that n1 + · · ·+ nk < |F |. Then we can find constants {ck}k∈F ,
not all zero, such that the trigonometric polynomial p(x) =

∑
k∈F cke

2πikx

satisfies the N := n1 + · · · + nk equations

p(j)(αi) = 0, j = 0, . . . , ni − 1 and i = 1, . . . , k. (9)

This follows from the fact that any homogeneous system of linear equations
with more unknowns than equations always has nontrivial solutions.

Then from the two assumptions that g has an L2-zero at αi of order ni for
each i = 1, . . . , k and (1/g)χI ∈ L2(T) for any interval away from {αi}k

i=1,
we can see that p/g ∈ L2(T). On the other hand, the function f = p/g is
orthogonal to E(g,Z\F ):

〈
p/g, gem

〉
=

〈∑

k∈F

ckek, em

〉
= 0, m ∈ Z\F.

Thus, E(g,Z\F ) is incomplete in L2(T), which completes the proof. ⊓⊔

In general, the converse of Theorem 7 does not hold.

Example 1 Set
g(x) = x (x− 1

4 ) (x− 1
2 ) (x− 3

4 )

and F = {0, 4}. Then g has L2 zeros of order 1 at x = 0, 1/4, 1/2, and 3/4,
and the function

f(x) :=
e8πix − 1

g(x)
∈ L2(T)

is orthogonal to g(x) e2πikx for every k ∈ Z\F. Thus, E(g,Z\F ) is incomplete
in L2(T) even though |F | < N.

Also consider g0(x) = x (x− 1) and F = {0}. For m 6= 0,

fm(x) :=
e2πimx − 1

g0(x)
∈ L2(T),

and {fm}m 6=0 is the unique sequence biorthogonal to E(g0,Z\{0}). Therefore
E(g0,Z\{0}) is exact, but N > |F |.

Theorem 8 Given g ∈ L2(T)\{0} and a nonempty finite set F ∈ Z, the
following statements hold.

(a) E(g,Z\F ) is minimal in L2(T) if and only if for each k ∈ Z\F there exist
constants {ckℓ}ℓ∈F such that (ek +

∑
ℓ∈F ckℓeℓ)/g ∈ L2(T).

(b) E(g,Z\F ) is complete in L2(T) if and only if g(x) 6= 0 a.e. in [0, 1] and
1/g /∈ L2(T) and for constants {aℓ}ℓ∈F we have

∑
ℓ∈F aℓeℓ/g ∈ L2(T) only

when aℓ = 0 for all ℓ ∈ F.

(c) E(g,Z\F ) is exact in L2(T) if and only if there exist a finite number of
points α1, . . . , αk and positive integers n1, . . . , nk such that

(c-1) g has an L2-zero at αi of order ni for each i = 1, . . . , k,
(c-2) (1/g)χI ∈ L2(T) for any closed interval I ⊂ T \ {αi}k

i=1,
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(c-3) n1 + · · · + nk ≥ |F |,
(c-4) for each m ∈ Z\F, there exists a unique trigonometric polynomial pm

of the form

pm(x) = em(x) +
∑

k∈F

cm,kek(x),

such that

p(j)
m (αi) = 0 for i = 1, . . . , k and j = 0, . . . , ni − 1.

In this case, E(g,Z\F ) cannot be a frame for L2(T).

Proof We have shown statements (a) and (b) in the previous theorems. To
prove statement (c), it suffices to show that E(g,Z\F ) cannot be a frame for
L2(T) since the other claims follow directly from Theorem 5(c) and Theorems 6
and 7.

To complete the proof, assume that E(g,Z\F ) is a frame for L2(T) with
lower frame bound A > 0. Then there exist a finite number of points α1, . . . , αk

and positive integers n1, . . . , nk such that g has an L2-zero at αi of order ni

for each i = 1, . . . , k. On the one hand, we have that for any f ∈ L2(T) that

A ‖f‖2
2 ≤

∑

m∈Z\F

|〈f, gem〉|2,

and on the other hand we have the inequality

∑

m∈Z\F

|〈f, gem〉|2 ≤
∑

m∈Z

|〈f, gem〉|2 = ‖fg‖2
2.

By the first inequality, we have for all f ∈ L2(T) that

A ‖f‖2
2 ≤ ‖f g‖2

2.

Equivalently, if f ∈ L2(T) then

∫ 1

0

|f(x)|2 (|g(x)|2 −A) dx ≥ 0. (10)

Since g has an L2-zero at α1, for any ε > 0 we can find a nondegenerate interval
Iα1

such that |g(x)| ≤ ε for x ∈ Iα1
. Taking f = χIa1

in equation (10), we
obtain a contradiction. As a consequence, E(g,Z\F ) cannot be a frame for
L2(T). ⊓⊔

Note that if g has an L2-zero at αi of order ni for each i = 1, . . . , k, and
if α1 = 0 and αk = 1, then the inequality in statement (c-3) of Theorem 8
becomes

(c-3) max{n1, nk} + n2 + · · · + nk−1 ≥ |F |,
and equality holds when ni = 1 for all i = 1, . . . , k or the integers in F are
consecutive.
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3.4 On the sequence E(g,Z\F ) in L2(T)

In this section, we will show that E(g,Z\F ) cannot be a frame in L2(T) if F
is not empty.

Lemma 5 Let I be a bounded, nonempty interval in R. If g ∈ L2(I) is such
that 1/g /∈ L2(I), then for any ε > 0 there is a set Iε ⊂ I with measure |Iε| > 0
such that χIε

∈ L2(I) and |g(x)| ≤ ε for all x ∈ Iε.

Proof Assume that I is a bounded interval and 1/g /∈ L2(I). If g vanishes on
a subset of I that has positive measure then the lemma holds trivially. On the
other hand, if g = 0 a.e. on I then it is not difficult to see that

inf
{
|g(x)| : g(x) 6= 0, x ∈ I

}
= 0.

Given ε > 0, let Iε = {x ∈ I : |g(x)| ≤ ε}. Since 1/g /∈ L2(I), we must have
|Iε| > 0. ⊓⊔

Theorem 9 Let g ∈ L2(T) be given and let F be a nonempty subset of Z.
Then E(g,Z\F ) cannot be a frame for L2(T).

Proof Suppose that E(g,Z\F ) was a frame for L2(T), and let A > 0 be a lower
frame bound. Then E(g,Z\F ) is complete in L2(T). Therefore 1/g /∈ L2(T),
and for any f ∈ L2(T) we have

A ‖f‖2
2 ≤

∑

k∈Z\F

|〈f, gek〉|2 ≤
∑

k∈Z

|〈f g, ek〉|2 = ‖f g‖2
2. (11)

On the other hand, Lemma 5 implies that for any ε > 0 there exists a set
Iε ⊂ [0, 1] with measure |Iε| > 0 such that |g(x)| ≤ ε for almost all x ∈ Iε.
Taking f = χIε

in equation (11), we obtain a contradiction. ⊓⊔
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13. K. Gröchenig and H. Razafinjatovo, On Landau’s necessary density conditions for sam-
pling and interpolation of band-limited functions, J. London Math. Soc. (2), 54 (1996),
557–565.

14. D. Han and D. R. Larson, Frames, bases and group representations Mem. Amer. Math.
Soc., 147, No. 697 (2000).

15. C. Heil, A Basis Theory Primer, Expanded Edition, Birkhäuser, Boston, 2011.
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