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C.16 Weak and Weak* Convergence

In this section we will discuss weak and weak* convergence of sequences. A
detailed discussion of the weak and weak* topologies and the corresponding
convergence criterion for nets is given in Section E.6. For now, we take the
following as our definition of weak or weak* convergence of sequences.

Definition C.115. Let X be a normed linear space. ,
(a) A sequence {f,}nen in X converges weakly to f € X, denoted f, — f, if

Vee X,  lim (fu,p) = (f,m).

(b) A sequence {Ln, tnen in X* converges weak™® to u € X*, denoted uy, X, Ly
if .
VfEX, lim (fnu"n> = (f;.u>'
71— 00

Thus, weak* convergence is just “pointwise convergence” of the opera-
tors u,. Weak* convergence is only defined for sequences that lie in a dual
space X*. Given a sequence {iin}nen in X*, we can consider three types
of convergence: strong (norm), weak, and weak* convergence. By definition,
these are:

po = = lim [p—pf =0,
n—ro0
poop = VTeX™, lm (4,T) = (u,T),
n—
pop < VzeX, Jim (7, pn) = (2, 1).

Exercise C.116. Let X be a normed space and suppose that f,, f € X and
Un, b € X*. Show that

and
w w*
Bn =@ = Up— i = g

If X is reflexive, then weak and weak* convergence coincide. In par-
ticular, this is the case for Hilbert spaces. In any finite-dimensional space,
strong and weak convergence coincide, but they are distinet in any infinite-
dimensional space. For example, if {e,}nen is an orthonormal sequence in a
Hilbert space H, then it follows from Bessel’s Inequality that {e,, f) — 0 for
each f € H and hence e, — 0, but |je, — 0| =1+ 0.

Here are some properties of weak and weak® convergent sequences. While
the fact that norm-convergent sequences are bounded is trivial, the corre-
sponding fact for weak and weak* convergent sequences is much more subtle
and is most easily proved by applying the Uniform Boundedness Principle.
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Exercise C.117. Let X be a Banach space. Show that if u, i*—m in X*,
then u is unique and sup |[u,| < oo.

In order to conclude boundedness of a weak* convergent sequence, the
hypothesis in Exercise C.117 that X be complete is necessary. For example, if
we take X = cgp then we have £1 2 (coo)* (compare Problem D.28) and the
sequence {nd,}nen in £ converges weak* to 0, but is unbounded. In general,
given any normed linear space X there is always a unique Banach space X ,
called the completion of X, that contains X as a dense subspace. Consequently
X* = (X)*, and we should always use X instead of X when discussing weak*
convergence. For the space cgo, the completion is co.

On the other hand, the analogous uniqueness and boundedness results for
weakly convergent sequence hold for any normed space, because of the fact
that X* is complete.

Exercise C.118. Let X be a normed space. Show that if f, = f in X, then
f is unique and sup || frl] < 0.

Additional Problems

C4l(a) Given 1< p <-co-and-r;y-€¥€P; show that T —-y-in-£2-if and-only

if z,,(k) — y(k) for each k (componentwise convergence) and sup [|Zx[lp < 0.
Does either implication remain valid if p = 17

(b) Problem D.28 shows that £* 22 ¢o*. Assuming this, given zn, y €
2, show that :z:ni:y in ¢* if and only if z,(k) — y(k) for each k and
sup ||znll1 < oo. :

(c) Recall that £%° 2 £1*. Given zy, y € £, show that =, M,y in £° if
and only if z, (k) — y(k) for each k and sup ||Zn|lco < 00.

e

D.27. Given f,,, f € Co(R), show that f, = f if and only if fu(z) — f(z)
pointwise for each z € R and sup || fr]|co < 00 (Weak convergence of sequences
is discussed in Section C.16).
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