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D.8 The Riesz Representation Theorem for Positive
Linear Functionals on C.(R)

In this section we will discuss one version of the Riesz Representation Theo-
rem, which shows the equivalence between Radon measures and positive linear
functionals on T (R). This version is only concerned with positive measures
and positive functionals, while in Section D.10 we will see a Riesz Represen-
tation Theorem for complex Radon measures and bounded functionals.

In this section we deal both with measures and functionals. Typically, we
will let & denote a functional and v a measure.

Notation D.71. In keeping with the notations introduced in Appendix C
{see Notation C.36), we write {f, 1) to denote the action of a linear functional
u: Ce(R) — C on a vector f € Co(R). Further, (f, ) is a sesquilinear form,
linear in f but antilinear in u.

Each Radon measure v on R induces an associated linear functional u on
C(R) by the formula

(fim = f fdv,  feC(R). (D.7)

Note that, by definition, v is a positive measure here. In order to ensure that
{-,+) is a sesquilinear form, whenever we extend our consideration to complex
measures we will need to replace dv by di in equation (D.7).

This example immediately raises several questions, which we will address in
this section. First, is the functional y defined in equation (D.7) continuous on
Ce(R)? Of course, continuity is not even defined until we specify the topology
on C.(R), and, as it turns out, there is more than one “natural” choice.

Second, once we specify the topology on C;(R), does every continuous
linear functional on C¢(R) have the form given in equation {D.7)? In other
words, can we characterize the dual space of C.(R)? This question also requires
some refinement, since we have specified that Radon measures are positive
measures, whereas if we let v be a complex measure then we can still define a
functional u by equation {D.7).

To address these questions, we next discuss two particular topologies on

C.(R).

D.8.1 Topologies on C,(R)

Since we wish to study the continuity of linear functionals on C.(R), we must
specify a topology or a convergence criterion on C;(R). There are two natural
choices.

(a) The uniform (or L°-norm) topology. C,(R) is a normed space with respect
16 the topology induced by the uniform, or L°°, norm. A linear functional
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¢ on C;(R) is continuous with respect to the uniform topology if and only !
if it is bounded with respect to the L°° norm. That is, u is continuous if '
and only if there exists a constant C > 0 such that

|<fs /-L)l < c ”f"ooa all f € CC(R)

Since C.(R) is a dense subspace of the Banach space Cy(R), such a u has
a unique extension to a bounded linear functional on all of Cy(R), which
we also refer to as i (see Exercise C.26).

G

The inductive limit topology. For each compact K C R, define
C(K) = {f € C.(R) : supp(f) € K'}.

Each C(K) is a Banach space with respect to the L*-norm. Further, as
a set,
Ce(R) = U{C(K): K CR, K compact}.

We can define a topology on C.(R) by declaring that a function whose
domain is C.(R) is continious if for each compact K its restriction to
C(K) is continuous with respect to the L>-norm on C'(K). In particular, a
linear functional u: C.(R) — C is continuous with respect to this topology
if and only if for each compact K the restriction pjgx): C(K) - C is
continuous. Since C'(K) is a normed space, this happens if and only if
each p|c(x) is bounded with respect to the norm on C(K), which means
that for each compact K there exists a constant Cx > 0 such that

KA 6] < Ck[fllor  all £ € CE). (D.8)

However, unlike boundedness with respect to the uniform topology, where
there is a single constant C that determines the boundedness, the con-
stants Cx in equation (1D.8) can depend on the compact set K. In technical ;
language, this topology corresponds to the inductive limit of the topolo-

gies (C(K), | - leo) with K compact, and hence we will refer to it as the

inductive limit topology on C(R). We refer to [Con90] for details on the

inductive limit of topologies. This type of topology is also discussed in

Section E.5.

. The following definition of the convergence criterion on C,(R) corresponds
t0 convergence with respect to each of these two topologies.

Definition D.72. Let {f,}ren be a sequence of functions in C.(R).

(a) We say that f, converges to f uniformly, or in L®-norm, if | f — fnlleo —
0. In this case, we write f, — f uniformiy.

(b) We say that fn converges to f in C.(R) if there exists a compact set K
such that supp(f,) © K for all n, and ||f — fallee — 0. In this case, we
write fr — f in Ce(R).
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In particular,
o= fin C.(R) = fr — f uniformly . (D.9)

However, the converse implication does not hold in general, so these are two
distinet topologies on C{R). Equation (D.9) implies that the uniform topol-
ogy on C,(IR) is weaker than the inductive limit topology.

In this section we are focusing on Radon measures (which by definition
are positive but possibly unbounded) and corresponding positive linear func-
tionals on C,(R). For these results it is the inductive limit topology on Ce(R)
that will be important. In contrast, in Section D.10 we will consider complex
Radon measures (which are necessarily bounded) and corresponding linear
functionals on C.(R), and there it will be the L*-topology on C.(R} that will
be important.

D.8.2 Positive Linear Functionals on C(R)

The next exercise shows that every Radon measure induces a linear functional
on C.(R) that is continuous with respect to the inductive limit topology on
C.:(R). Further, this functional is positive in the following sense.

" Definition D.73. A functional p: Ce(R) — € is positive if (f,u} = 0 for all
f € C{R) with 7 > 0.

Exercise D.74. Let v be a Radon measure on R. Define y: C.(R) — C by

o) = j fdv, feCLR).

(a) Show that u is a positive linear functional on C.(R).
(b) Show that u|c(xy: C(K) — R is continuous for every compact K C R,
ie.,
Y compact K CR, 3ICk > 0 such that

feCK) = [{f,m)] £ Cx || fllo-

Thus, those positive linear functionals on C;(R) that are induced from
Radon measures are continuous with respect to the inductive limit topology
on C.(R). Next we will show directly every positive linear functional on C,.(R)
is continuous with respect to the inductive limit topology on C.(R).

(D.10)

Theorem D.75. If pu: C.(R) — C is a positive linear functional on C.(R),
then p is continuous on C.(R) with respect to the inductive limit topology.
Specifically, jt|cxy: C(K) — C is continuous for each compact K CR.

Proof. Given a compact set K, by Urysohn’s Lemma {Theorem 1.60 or The-
orem A.109), we can find 8x € C.(R) such that x > 0 and 8 =1 on K.
Suppose first that f € C(K) is real-valued. Then
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17 (@) = |7 (@) 0k (z) < [flloo Ox(x)
for all z € R. Therefore || f|loc 05 £ f = 0, and so

0 < (”f”oo O = f, 1“‘) = || Flloc (Frcs } £ {f, 12
Consequently,
{Feh < {0x, i} I flloo-
Second, given an arbitrary f € C(K), we have

Kl < [Re(F), )] + [(Am(F), p)] < 20k, ) || £l co-
Hence the result follows with Cx = 2 (0, ). O

Although we willsnot prove-t, the Riegz Represerftation Theorem cgal-
Pletes #€ characterizatio positive brear funcknals on (#(R): Every pos-
i€ lineapAunctional aff C.(R) isfhduced fzdin a measur

)

Theorem D.76 (Riesz Representation Theorem I). If u: C,(R) —» C
is a positive linear functional, then there exists a unique positive Radon mea~
sure v on R such that

(fim) = /fdv, f € Ce(R).

Moreover, if U C R is open, then

V(U) = Sup{(fslu) 1 fe OC(R))O <f< l,supp(f) - U}:
and if K C R is compact then

v(K) = mf{{f,u): f € Co(R), f = Xx }.

Thus, Radon measures and positive linear functionals on C,(R) are equiva-
lent. Therefore, we often use the same symbol to represent a Radon measure v
and the positive functional f — (f,») = [ fdv that it induces.

Additional Problems

D.25. This problem will show that the locally finite positive measures on N
{which by Problem D.24 are precisely the Radon measures on N) are in 1-1
correspondence with the positive linear functionals on egp.

{a) Give the convergence criterion corresponding to the inductive limit
topology on ¢gg.

(b) Show that i v is a positive locally finite measure on N, then {f,v) =
Y. f(k) v{k} defines a positive linear functional on cg that is continuous with
respect to the inductive limit topology on ¢go.

{c) Show that if 4 is a positive linear functional on cpp then there exists
a unique sequence of nonnegative scalars w = (wg ey such that (f,u} =
S f(k)wy for f € ego. Show there is a unigue locally finite positive measure
v on N such that wy = v{k} for every k.
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en and y is zero on U}.

Hence, if f € CP(R) and s C , then, since supp(f) is com-

€ed the following lemma.

Lemma 4.50. Let T, ..., Uy be open subsets of R, and let K C U1 U---UUxN
be compact. Then there exist 8 € CP(R) with supp(6r) C Uk such that
ZkN=19k =1on K.

Proof. Exercise: Foreach k =1,..., N, construct an open set Vj, with compact
closure that satisfies Vi, C Ui, and such that K C 13 U« U Vy.

By the C° Urysohn Lemma (Theorem 1.60), for each k = 1,..., N we
can find a function ¢ € C®(R) such that 0 < p < 1, ¢ = 1 on Vg, and
supp{wy) C Uy. We can also find a function 9 € C°(R) such that 0 < <1,
¥ =1 on K, and supp(¢} € V) U--- U V. The function

a(z) = (L-9(@) + ) vu(x)

k=1

is then infinity differentiable and everywhere nonzero. Since ¢ = 1 on K, it
follows that the funetions

fs(z) = %iﬂ(%l, k=1,....N

satisfy Z}f:l Ge=1on K. O

—

Exgrcise 4.51. Show that if 4 € '(R), then y is zero on R

2pp(iL)-

As a colisequence of Exercise 4.51, supp(u) is the saf@llest closed set such
that p is zero on ®ygupp(p). In particular, it follews that supp(u) = @ if and
only if 4 =40.

Here are some of the basic prapertisg of the support of a distribution.

-

Exercise 4.52. Prove the follgw
(a) supp(8\)) = {0} for ga
(b) If g € Li.(R)

afd g is the distribution that is dsegermined by g, then
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