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Example 12. Let € = {e;}icz be an orthonormal basis for H, and let a: Z — Z be the
map. le < ¢g < 1, and for ¢ 5% 0 choose ¢; > 0 in such a way that

Zcf =1  and Zcz =

ieZ icZ

Define

zciei
o wo sef T{ed) = Jir then T' extendg ounded mapping on H. Further, if f =
2l ez'_> e; € H, then ol .

(X = T)fI?* A, eo) (e0 — fo|

= [(f ol (1L~ col? + Y5
0

< (2 - 200) i1

~TH< 2—2¢p < 1. Hence T is a continuous bijection of H ombsjtself, so F = {fi}iez
sz basis for H. Therefore (f;, f;} = i, so (F,a) is £2-localized™jth respect to its
al frame. However, (fo, f;) = ¢;, so (F,a) is not £ _self-localized.

so |1

Appendix
A. Ulﬁraﬁlters_

In this appendix we provide a brief review of ultrafilters and their basic properties. For
additional information, we refer to [46, Chapter 3). Filters were introduced by H. Cartan [9,
10] in order to characterize continuous functions on general topological spaces. Soon after, it
was realized that the set of ultrafilters endowed with the proper topology is the Stone-Cech
compactification of a discrete (or more generally, a completely regular) topological space.
In the following we will Testrict our attention to ultrafilters over the natural numbers N.

Definition A.1. A collection p of subsets of N is a. filter if:
(a) 0¢p, '
(b) itA, Bepthen ANBep,
(c) ifAcpand AC BCN, then B e p.

A fiiter p is an ultmﬁlter if it is maximal in the sense tha.t '

(d) ifp is a filter on N such that p C p/, then p’ p,

- or, equivalently, if

(d’) for any A C N, cifher AcporN\Aep (but not.both, because of propertles a
and b). N

The set of ultrafilters is denoted by GN.
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Definition A.2.. Given any n € N, e, = {4 C N : n € A} is an ultrafilter, called a
principal ultrafilter. Tt is straightforward to show that any ultrafilter p that contains a finite
set must be one of these principal ultrafilters. An ultrafilter which contains no finite sets is
ca.lled free. The set of free ultrafilters is denoted by IN*.

Our malin use for ultraﬁlters is that they provide a notion of convergence for arbitrary

sequernces.

Definition A.8. Let p € AN be an ultrafilter. Then we say that a sequence {cg }ren of
complex numbers converges to ¢ € C with respect to p if for every £ > 0 there exists a set
‘A € p such that Jep — ¢| < e for all k£ € A. In this case we write ¢ = prlimey ¢ or simply
¢ = p-limcy.

The following proposition summarizes the basic properties of convergence with respect
to an ultrafilter.
Proposition A.1. Letp e SN be an ultrafilter. Then the following stotements hold.
(a) EBvery bounded sequence of complex scalars {cx ey converges with respect to p to
some c € C.
-{b) p-limits are unique.
(¢) If p=en is a principal ultrafilter, then p-limcy = c,.
A{d)  If {cr}rem is a convergent sequence in the usual sense, p is o free ultrafilter, and
© liMpesco Cx = ¢, then plime, = c.
{e) If {ci}ren s a bounded sequence and p is a free ultrafilter, then plimy.y cx is an
accumulation point of {ck bren.

£) If ¢ is an accumulation point of a bounded sequence {cglren, then there exists o
free ulirafilter p such that p-limcg = ¢. In particular, there exists an ultrafilter p
such that p-lim ey, = limsup ¢, and there exists an ultrafilter ¢ such that g-limcy, =

lim inf ez.
(g) p-limits are linear, i.e., p-lim(acy + bdy) = ap-lim ¢x + bp-lim dy.
(h) p-limits respect products, i.e., p-lim{cpdy) = (p-lim ck) (p-lim dk).
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