%?nw‘mé E;crf “ﬁ& &,}w% Q/

E.1 Mativation and Examples 339

Ezample B.7 [The Weak Topology). Let X be any normed linear space. The
norm induces one topology on X, but it is not the only natural topology. Each
element j» of the dual space X provides us with a seminorm g, on X, defined
by

pu(@) = oyl weX.

The topology induced by the family of seminorms {p, },ex- is called the weak
topology on X. Since there are uncountably many seminorms (and no obvious
way to reduce to a countable collection in general), in order to relate the
topology to a convergence criterion we must use nets instead of sequences.
Writing z; Z 1 to denote convergence of a net {z;}ig; in X with respect to
the weak topology, the convergence criterion is

i x e pu{r — i} — 0 forall pe X7

Equivalently,
w; w = {mg, ) - {p,u) for all pe X*.

Norm convergence implies weak convergence, but the converse fails in general.
In terms of topologies, every set that is open with respect to the weak topology
is also open with respect to the norm topeology, but not conversely. In essence,
it is “easier™ to converge in the weak topology because there are fewer open
sets in that topology {hence the weak topology is weeker than the norm
topology).

Note that if H is a Hilbert space, then, by the Riesz Representation Theo-
rem, each continuous linear functional on H corresponds to the imner product
with respect to an element of H. Hence, w; =z in H if {x;,y) — (z,y) for
each v € H.

Ezample E.8 {The Weak* Topology}. Let X be any normed linear space. Then
its dual space X* is also s normed linear space, and hence has a wopology
defined by its norm, as well as a weak topology as described above. However,
there is also a third natural topology associated with X*, Each element r
in X determines a seminorm g, on X* by

palp) = [{z.pl, pe X"

The topology this family of seminorms {pz}.ex induces is called the weak®
fopology on X, and convergence with respect to this topelogy is dencted by

-
4 s p. Explicitly, if {g;}ier is a net in X~ then the convergence criterion
corresponding to the weak™ topelogy is

M:—Vi"# = pulp—u}—0 foralize X,

Equivalently,
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b m‘E:»u ey {x, ) — (mpy forallz € X,

Since X € X**, the family of seminorms associated with the weak* topology
inchides only some of the seminorms associated with the weak topology. Hence
weak convergence in X* implies weak™® convergence in X*. Of course, if X is
reflexive, then X = X** and the weak and weak® fopologies on X* are the
same,




o /2 Keockion é;e.‘?éé-}&ﬁﬂﬁmm fﬁ Leale éﬁz)é@ X

i ST ﬁmg ';vé . Sesn 42& 0T amu@?cnm I e Ares

/-Za ) o o i"@gw.é,m g ek

CQnQQrgﬁnum T D oLTr. !

 V norm o Ush e u
L - .

ok )




""Zm Since.. mwj a}m%

'f)mwwm@m&%gﬁdmwﬁﬁﬂmwa%ﬁmﬂﬁm;

E"\>/V “"““} ‘x”ﬁé M

Sed i corm o cypen
VM%%MIQMM FHso who

o o
T S OGumant. Gpplias o e Use radr

e inched £ sepuesee




L XSl S Xe—mx awn d




"JZ@ su ia%ﬂé—ﬁ
.. m GQJL&& @mm o Wﬁ{ﬁﬁ

mwr%éa

w; o Al covagome o Ams o node

d%{; me ldeak conu

LR . wmax% \%uwé e f‘eaLnstj

bt G gﬁ%éﬂ-}(-m ‘7[&? @aﬁ&é%?@ﬂa. e&f

| Segusncss. Buowss b _gud 4 de quece

& &‘é ﬁf»mﬂfam




