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11. RIESZ BASES IN HILBERT SPACES

Let H be a Hilbert space. Recall from Definition 4.13 that a basis {x,} for H is equivalent to
a basis {y,} for H if there exists a topological isomorphism S: H — H such that Sxz,, = y, for all
n. In this case, we write {x,,} ~ {yn}. It is clear that ~ is an equivalence relation on the set of all
bases for H. In particular, we saw in Corollary 4.15 that all orthonormal bases in H are equivalent.
We will show in this chapter that the class of all bases that are equivalent to orthonormal bases
coincides with the class of all bounded unconditional bases for H, and we will discuss some of the
properties of such bases.

Definition 11.1. A basis {z,} for a Hilbert space H is a Riesz basis for H if it is equivalent to
some (and therefore every) orthonormal basis for H.

Clearly, all Riesz bases are equivalent since all orthonormal bases are equivalent.

Remark 11.2. We show in Theorem 11.9 that bounded unconditional bases and Riesz bases are
equivalent. Hence a bounded basis is a Riesz basis if and only if it is unconditional. It is very
difficult to exhibit a bounded basis for a Hilbert space H that is not a Riesz basis for H. Babenko
[Bab48] proved that if 0 < v < 1/2, then {|t|*e*™"}, .7 is a bounded basis for L?[0, 1] that is not
a Riesz basis. It is easy to see that {|t|*e* "}, cz is minimal in L2[0, 1], since {|t|"®e*™"}, c7 is
contained in L2[0, 1] and is biorthogonal to {|t|*e*™"}, cz. However, the proof that {|t|*e?™ "}, .5

is a conditional basis is difficult. <

As with bases or unconditional bases, we can show that Riesz bases are preserved by topological
isomorphisms.

Lemma 11.3. Riesz bases are preserved by topological isomorphisms. That is, if {x,} is a Riesz
basis for a Hilbert space H and S: H — K is a topological isomorphism, then {Sz,} is a Riesz
basis for K.

Proof. Since H possesses a basis, it is separable. Therefore K, being isomorphic to H, is separable
as well. By Theorem 1.21, all separable Hilbert spaces are isometrically isomorphic, so there
exists an isometry Z that maps H onto K. Further, by definition of Riesz basis, there exists an
orthonormal basis {e, } for H and a topological isomorphism 7: H — H such that Te,, = x,,. Since
Z is an isometric isomorphism, the sequence {Ze,, } is an orthonormal basis for K. Hence, ST Z 1
is a topological isomorphism of K onto itself which has the property that STZ~!(Ze,) = STe,, =
Sz,. Hence {Sz,} is equivalent to an orthonormal basis for K, so we conclude that {Sz,} is a
Riesz basis for K. [

This yields one half of our characterization of Riesz bases.

Corollary 11.4. All Riesz bases are bounded unconditional bases.
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Proof. Let {x,} be a Riesz basis for a Hilbert space H. Then there exists an orthonormal basis {e,, }
for H and a topological isomorphism S: H — H such that Se,, = z,, for every n. However, {e,}
is a bounded unconditional basis, and bounded unconditional bases are preserved by topological
isomorphisms by Lemma 9.3(b), so {z,} must be a bounded unconditional basis for H. O

Before presenting the converse to this result, we require some basic facts about Riesz bases.

Lemma 11.5. Let ({z,},{a,}) and ({yn},{bn}) be bases for a Hilbert space H. If {x,} ~ {yn},
then {a,} ~ {b,}.
Proof. By Corollary 8.3, ({an},{x,}) and ({b,},{yn}) are both bases for H. Suppose now that

{zn} ~ {yn}. Then there exists a topological isomorphism S: H — H such that Sz,, = y, for
every n. The adjoint mapping S* is also a topological isomorphism of H onto itself, and we have

<$m>5*bn> = <S£mabn> = <ym>bn> = Omn = <$m>an>-

Since {z,} is complete, it follows that S*b,, = a,, for every n, and therefore {a,} ~ {b,}. O

We obtain as a corollary a characterization of Riesz bases as those bases which are equivalent
to their own biorthogonal systems.

Corollary 11.6. Let ({x,},{yn}) be a basis for a Hilbert space H. Then the following statements

are equivalent.

(a) {x,} is a Riesz basis for H.
(b) {yn} is a Riesz basis for H.

(c) {zn} ~ {yn}.

Proof. (a) = (b),(c). Assume that {z,} is a Riesz basis for H. Then {z,} ~ {e,} for some
orthonormal basis {e,} of H. By Lemma 11.5, it follows that {z,} and {e,} have equivalent
biorthogonal systems. However, {e, } is biorthogonal to itself, so this implies {y,,} ~ {e,} ~ {z,}.
Hence {y,} is equivalent to {z,}, and {y,} is a Riesz basis for H.

(b) = (a), (c). By Corollary 8.3, ({yn},{zn}) is a basis for H. Therefore, this argument follows
symmetrically.

(c) = (a), (b). Assume that {x,,} ~ {y,}. Then there exists a topological isomorphism S: H —
H such that Sxz,, = y, for every n. Since ({z,,},{yn}) is a basis, it follows that for each x € H,

T = Z(:ﬂ,yn>xn = Z(az,S:ﬂn}xn,

n n

whence

Sx = Z(x,Swn>an.

n

Therefore,

(Sz,z) = > |z, Sza)* > 0.
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Thus S is a continuous and positive linear operator on H, and therefore has a continuous and
positive square root S'/2 [Wei80, Theorem 7.20]. Similarly, S~! is positive and has a positive
square root, which must be §~1/2 = (51/2)_1. Thus S/2 is a topological isomorphism of H onto
itself. Moreover, S/2 is self-adjoint, so

<Sl/2xm>51/2xn> = (xm,51/251/2xn> = (xm,an> = <xm>yn> = dmn-

Hence {S'/2z,,} is an orthonormal sequence in H, and it must be complete since {x,,} is complete
and S'/2 is a topological isomorphism. Therefore {x,} is the image of the orthonormal basis
{S'/22,} under the topological isomorphism S~/2. Hence {x,} is a Riesz basis. By symmetry,
{yn} is a Riesz basis as well. O

Definition 11.7. A sequence {x, } in a Hilbert space H is a Bessel sequence if

VzeH, Z (z,2,)]? < c0. &

Lemma 11.8. If {x,} is a Bessel sequence, then the coefficient mapping Uz = ((z,z,)) is a
continuous linear mapping of H into ¢?. In other words, there exists a constant B > 0 such that

VeeH, Y |(w @) < Blal.
n

Proof. We will use the Closed Graph Theorem (Theorem 1.46) to show that U is continuous.
Suppose that yy — y € H, and that Uyx — (c,) € £2. Then for each fixed m,

Jem = (yns )| < (Z\cn—<ymn>|> — e = Upnlp — 0 as N — oo

Therefore ¢, = imy_ o0 (YN, Tm) = (Y, Tm) for every m. Hence (¢,) = ({y,z,)) = Uy, so U has
a closed graph, and therefore is continuous. [

The constant B in Lemma 11.8 is sometimes referred to as a Bessel bound or upper frame bound
for {z,} (compare Definition 12.1).

Now we can prove that Riesz bases and bounded unconditional bases are equivalent.

Theorem 11.9. [GK69, p. 320], [You80, p. 32]. If {z, } be a sequence in a Hilbert space H, then
the following statements are equivalent.

(a) {x,} is a Riesz basis for H.

(b) {z,} is a bounded unconditional basis for H.
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(¢) {x,} is a basis for H, and

g CnIy, converges < g len]? < oo

n n

(d) {zn} is complete in H and there exist constants A, B > 0 such that

2

N N
chxn < B Z len 2.
n=1 n=1

N
VC1,...,CN, AZ|CTL‘2 <
n=1

(e) There is an equivalent inner product (-,-) for H such that {x,} is an orthonormal basis for
H with respect to (-,-).

(f) {x,} is a complete Bessel sequence and possesses a biorthogonal system {y,} that is also
a complete Bessel sequence.

Proof. (a) = (b). This is the content of Corollary 11.4.

(a) & (c). Assume that {z,} is a basis for H, and let {e,,} be any orthonormal basis for H.
Then {z,} is a Riesz basis for H if and only if {z,} ~ {e,}. By Theorem 4.14, {z,} ~ {e,} if
and only if

E CnTy CONverges <~ E Cp€n COonverges.

n n

However, by Theorem 1.19(a),

E Cp€, converges < E len|? < oo

n n

Hence, statement (a) holds if and only if statement (d) holds.

(a) = (d). Suppose that {z,} is a Riesz basis for H. Then there exists an orthonormal basis
{en} for H and a topological isomorphism S: H — H such that Se,, = z,, for every n. Therefore,

for any scalars cq,...,cny we have
N 2 N 2 N 2 N
Senan]| = |5(Eewen)| < 151 [Senea| = 1517 Clenl
n=1 n=1 n=1 n=1

the last equality following from the Plancherel formula (Theorem 1.20). Similarly,

2 2 2

< [Is7H?

N
E Cndn
n=1

N
()
n=1

N
g Cn€n
n=1

N
> leal” =
n=1

Hence statement (d) holds with A = ||S~!||=2 and B = ||S]|?.
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(a) = (e). Suppose that {x,} is a Riesz basis for H. Then there exists an orthonormal basis
{en} for H and a topological isomorphism S: H — H such that Se,, = x,, for every n. Define

(2,y) = (Sz,8y)  and  |a|* = (z,2) = (Sz,Sz) = |5z

It is easy to see that (-,-) is an inner product for H, and that || - || is the corresponding induced

norm. Further,

2 _ 2 12 2
I = lIS=lI* < [ISI* lz]*  and  [l|* =[S~ 2l < [S7H =], (11.1)
where [|S71]| is the operator norm of S~! with respect to the norm || - ||. In fact, we have
IS7H = sup STz = sup x| = sup STyl = ST,
llzll=1 lSzll=1 llyll=1
although this equality is not needed for our proof. It follows from (11.1) that || - || is an equivalent
norm to || - ||. By definition, (-,-) is therefore an equivalent inner product to (-, ).

It remains to show that {z,} is an orthonormal basis with respect to the inner product (-,-).
By Theorem 1.19, it suffices to show that {z,} is a complete orthonormal sequence with respect
to (+,+). The orthonormality follows from the calculation

(xmaxn) = <S$m,S$n> = <€maen> = 5mn

For the completeness, suppose that there is an x € H such that (z,z,) = 0 for every n. Then
0= (z,x,) = (Sz,Sz,) = (Sx,e,) for every n. Since {e,} is complete with respect to (,-), this
implies that Sz = 0. Since S is a topological isomorphism, we therefore have x = 0. Hence {z,}
is complete with respect to (-, ).

(a) = (f). Suppose that {z,} is a Riesz basis for H. Then, by Corollary 11.6, {z,} possesses
a biorthogonal sequence {y,} which is itself a Riesz basis for H. Suppose now that x € H. Then
since ({x,},{yn}) is a basis, we have that x = " (z,y,) z,. Since we have already shown that
statement (a) implies statement (c), the convergence of this series implies that Y [(x, y,)|> < oo.
Therefore {y,} is a Bessel sequence. Further, {y,} is complete since ({y,},{x,}) is also a basis
for H (Corollary 8.3). A symmetric argument implies that {z,} is a complete Bessel sequence as
well.

(b) = (f). Suppose that ({z,},{y,}) is a bounded unconditional basis for H. Then, by Corol-
lary 8.3, ({yn},{zn}) is also a bounded unconditional basis for H. Therefore, if x € H then
x = Y {(x,x,) yn, with unconditional convergence of this series. By Orlicz’s Theorem (Theo-
rem 3.1), this implies that > |[(z, 2,,)|? ||y»||? < co. However, by definition of bounded basis, there
exist constants C1, Cy so that 0 < C; < |lyn| < Co < oo for all n. Hence > [{x,2,)]? < oo,
so {x,} is a Bessel sequence, and it must be complete since it is a basis. A symmetric argument
implies that {y,} is also a complete Bessel sequence.
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(d) = (a). Suppose that statement (d) holds, and let {e,} be any orthonormal basis for H.
Choose any = € H. Then, by Theorem 1.20, z = > (x,e,) e,, and > [{(z,e,)]* = ||z]|* < oo.
Choose M < N, and define ¢; = --- = ¢py = 0 and ¢, = (z,e,) forn = M +1,...,N. Then, by
hypothesis (d),

N 2 N 2 N N
Z (T en) zp|| = cha?n < BZ len|* = B Z (@, en)|?.
n=M+1 n=1 n=1 n=M+1

Since 3~ |(z, e,)|? is a Cauchy series of real numbers, it follows that 3" (x, e, ) z,, is a Cauchy series
in H and hence must converge in H. Therefore, we can define Sz = ) (z, e,,) ,,. Clearly S defined
in this way is a linear mapping of H into itself, and we claim that S is a topological isomorphism
of H onto itself.

By applying hypothesis (d) and taking the limit as N — oo, we have

Allz]* = AY " [z,en)* < [ISz|* < BY [{w.en)]® = Bllz|*. (11.2)

It follows that S is continuous and injective, and that S—1':Range(S) — H is continuous as well.
Further, Se,, = > (em,en) x, = x,, for every n, so Range(S) contains every z,,, and therefore
contains span{z,, }, which is dense in H since {x,, } is complete. Therefore, if we show that Range(.S)
is closed, then it will follow that Range(S) = H and hence that S is a topological isomorphism of
H onto itself.

Suppose then that y,, € Range(S) and that y,, — y € H. Then there exist x,, € H such that
Sz, = y,. Hence {Sz,} is a Cauchy sequence in H. However, by (11.2) we have A ||z, — z,|| <
1Sy — Sz, so {x,} is Cauchy as well, and therefore must converge to some z € H. Since
S is continuous, it follows that y, = Sz, — Sx. Since we also have y, — y, we must have
y = Sz € Range(S). Hence Range(S) is closed.

Thus S is a topological isomorphism of H onto itself. Finally, since S maps {e,} onto {z,}, we
conclude that {x, } is a Riesz basis for H.

(d) = (b). Suppose that statement (d) holds. Choose N > 0, and define a,, = dn,. Then, by
hypothesis (d),

2 2

N
A =AY jaf < = flawl? =
n=1

N N N
E Gn T, E antyl| < B g lan|? = B.
n=1 n=1 n=1

Hence {x,} is norm-bounded above and below. In particular, each x,, is nonzero.

It remains to show that {z,} is an unconditional basis. Therefore, choose any scalars cy,...,cy
and any signs €1,...,ex = £1. Then by hypothesis (d),

N N N BIIY
2 _ 2
EnCnZnll < B lencn|” = B len]” < 1 CnT,
n=1 n=1 n=1 n=1

This, combined with the fact that {z,} is complete and that every z, is nonzero, implies by

2 2

Theorem 9.7 that {x, } is an unconditional basis for H.
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(d) = (c). Suppose that statement (d) holds. Choose N > 0, and define a,, = dn,. Then by

hypothesis (d),
2

lonl* =

N
Zanxn 2 A Z|an|2 = A
n=1

Hence {x,} is norm-bounded below. In partlcular, each z,, is nonzero.
We will show now that {z,} is a basis for H. To do this, choose any M < N, and any scalars
1,...,cn. Then, by hypothesis (d),

M N B
SBY |l < BY el < 7
n=1 n=1

This, combined with the fact that {x,} is complete and that every z, is nonzero, implies by
Theorem 7.3 that {z,} is a basis.
It therefore only remains to show that > ¢,x, converges if and only if > |c¢,|*> < co. To do

2

Tn Tn

this, let (¢,,) be any sequence of scalars. Choose any M < N, and define a; = --- = ap; = 0 and
an = ¢, forn=M +1,...,N. Then, by hypothesis (d),
N 2 N
AN an]? < zo| < B lanl’.
n=1 n=1

However, by the definition of a,,, this simply states that

N N 2 N
A Z len]? < Z cnxnl| < B Z |cnl?.
n=M+1 n=M+1 n=M+1

Therefore, > ¢, z, is a Cauchy series in H if and only if >_ |c,|? is a Cauchy series of real numbers.
Hence one series converges if and only if the other series converges.

() = (d). Suppose that (-,-) is an equivalent inner product for H such that {z,} is an

orthonormal basis with respect to (-,-). Let || - | denote the norm induced by (-,-). Then, by
definition of equivalent inner product, || - || and || || are equivalent norms, i.e., there exist constants
A, B > 0 such that
VeeH, Allz]® < |al® < Bllz|”. (11.3)
Since {x,} is complete in the norm || - || and since || - || is equivalent to | - ||, we must have that
{z,} is complete in H with respect to || - ||. To see this explicitly, suppose that x € H and that
e > 0 is given. Then since span{z,} is dense in H with respect to the norm | - ||, there must
exist y € span{x,, } such that ||z — y|| < . By (11.3), we therefore have ||z — y|| < B/?s. Hence
span{z,} is also dense in H with respect to || - ||, and therefore {x,} is complete with respect to
this norm.
Now choose any scalars ¢y, ...,cy. Since {z,,} is orthonormal with respect to (,-), we have by

the Plancherel formula (Theorem 1.20) that || Zivzl cnaﬁn\HQ = 22;1 |c,|?. Combined with (11.3),

this implies that
2

N N
AN el < Zo| < B el
n=1 n=1

Hence statement (d) holds.
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(f) = (c). Suppose that statement (f) holds. Since {z,} and {y,} are both Bessel sequences, it
follows from Lemma 11.8 that there exist constants C', D > 0 such that

VeeH, Y lwa)f < Cle®  and Y [@ya) < Dl (11.4)

We will show now that ({z,},{yn}) is a basis for H. Since {z,,} is assumed to be complete and
since {y,} is biorthogonal to {x,}, it suffices by Theorem 7.3 to show that sup [|S /|| < oo, where
S\ is the partial sum operator Syz = ij:l (T, Yn) n. We compute:

||SN33||2 = sup |<SN55721>|2 by Theorem 1.16(b)
[lyll=1

N

= sup

llyll=1

(2, Yn)
N N

< sup <Z T, Yn) > (Z T, Y ) by Cauchy—Schwarz
=1 n=1

lyll=1

n ‘TTIJ

< Sup, Dllz|* C llyl* by (11.4)
y =

= CD|z|

Hence sup ||Sy]|? < CD < oo, as desired.

Finally, we must show that > ¢,z, converges if and only if Y |c,|? < oo. Suppose first that
x = Y. cpx, converges. Then we must have ¢, = (z,y,) since ({z,},{yn}) is a basis for H. It
therefore follows from (11.4) that > |c, > = Y {z,yn)|? < D|z]|* < o0.

Conversely, suppose that 3" |c,|?> < co. Then for any M < N,

N 2 N 2
Z CnTpll = sup < Z CnTn, y> by Theorem 1.16(b)
n=M+1 Ill=11 "= a1

2

N
= sup Z Cn (xn>y>

[lyll=1 n=M-+1

N N
< sup < Z |cn|2>< Z |(xn,y>|2> by Cauchy—Schwarz
lyll=1 Ny, Zar41 n=M+1
N
< sw (X )l by (11.4)
llyll=1 n=M+1

N
=C Y el

n=M+1

Hence Y ¢z, is a Cauchy series in H, and therefore must converge. [



