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Another example is the Daubschies Dy function. This is the compactly
supported function that satisfies the four-term refinement eguation

1+4/3 3+v3

Dylz) =

sk
fiss

4

Thus, Dy exhibits a kind of self-similarity, as it equals a lnear combination
of four smaller, shifted copies of itselfl It can be shown that there exists a
unique {up to scale) compactly supported function that satisfies this refine-
ment equation, and furthermore this solution is Holder continuous precisely
for those exponents « that lie in the range

1+ /3y N
7] ) = 0.5500.. .,

. I'd
0 < o< ——10g2k

see {Dau92}. The Cantor-Lebesgue function also satisfies a refinement equa-
tion, based on dilation by 3 rather than 2, see equation {B.11).

Exercise B.102. For this exercise, assume that equation (B.15} has a solu-
tion that is continuous and compactly supported.

(&) Show that supp{Dy) C {0, 3.

{b) Combine part (a) with the refinement equation to find the values of Dy(k)
for all integer k.

{c) Now compute the values D4(k/2) for k € Z by considering z = k/2 in
equation {B.15). Iterating this, we can obtain the values Dy(k/27) for any
ke Z,j € N Plot the Daubechies D4 function.

When suitably normalized, Dy has the interesting property that its integer
translates are orthonormal, Le., {Dy(z — Kk} }rez forms an orthonormal system
in L*{R). The Daubechies Dy function is but cne refinable function that has
orthonormal integer translates. BEach such orthenormal scaling function leads
to a second function, called the wovelet, which generates an orthonormal basis
for all of L2(R) via the cperations of translation and dilation. For Dy, the
corresponding wavelet is

T/Vg;(fL‘) = ! _4\/§D4(2$) — 3 ~4\/§D4(2l‘ - 1}
32 "Z‘/gp_g(zx oyt *4‘/594(235 ~3).

This function has the property that

(W2 — &)}

n,kEZ
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Fig. B.3. Top: The Daubechies D4 scaling function. Bottern: The corresponding
wavelet Ws.

forms an orthonormal basis for L*(R). Equivalently,
{D2(75 - k)}keZ “ {Qn/gw"i(gnm - k)}n.ZO, keZ

forms an orthonormal basis for L*(R), compare Problem B.29.

Why the subscript 47 The Daubechies scaling function Dy is the second of
an infinite family of functions {Daon}nexn, cach of which satisfles a 2N-term
refinement equation, is supported in [0, 2N — 1], and has orthonormal integer
translates. Moreover, the smoothness of Dy increases with N. In particular,
Dy = Xpo,q) Is discontinuous, while Dy is continuous. Each of these scaling
functions has an associated wavelet Won whose integer translates and dyadic
dilations form an orthonormal basis for L*(R).

The first wavelet, the function Wo = Xjg 179y — Xi1/2,1), was Introduced
by Haar in his 1910 Ph.D. thesis [Haal0], and is called the Haar wavelet, see
Problem B.29. It was not until much later that other wavelets, including the
Daubechies scaling functions and wavelets in particular, were discovered. We
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will not be able to do justice to wavelet theory here, but only mention that
the main papers in the development of wavelet theory, including a transiation
of Haar’s original paper into English, appear in the reprint volume [HHW06].
More fundamentally, we refer to Daubechies’ classic text Dan82! for complete
details on scaling functions and wavelets, and to the texts by Mallat [Mal98]
and Strang and Nguyen [SN96] for their relation to signal processing. The
text by Walnut [Wal02] is an accessible introduction to wavelet theory and its
applications.

Additional Problems

B.29. Let X = X[y 1) be the box function, and let ¢ = Wa = X[o,1/2) — X11/2.1)
be the Hoar wavelet. Prove that

I

{x —k
N /S ReZ

nz0, ez

forms an orthonormal basis for L2(R). Observe that X satisfies the refinement
equation
X(z) = x(2x)+ X2z — 1},

while 10 is determined from X by the equation

wiz) = X(2z) — X(2z — 1).




