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Linear Independence of Finite Gabor Systems 5

3.1 Spanning and Independence in Finite Dimensions

1

Spanning and independence are clear in finite dimensions. A set {free o fagd
of M vectors in an N-dimens nal vector space H spans H if for ea.ch vector
J € H there exist scalars ¢; (not necessarily unique) such that f = oy fr +
-+ 4 cpr Far. This can only happen if M > N,

On the other hand, {f1,.... fas} Is linearly ma’u)endem‘ if whenever z
vector f € H can be written as f = o1 f; = -« - cag fag, it can only be so
written in one way, ie., the scalars ¢; are unique if they exist at all. This can
ounly happen if A/ < N,

When both of these happen simultaneously, we have a basis. In this case
every f € H can be written as [ = o1 f1 + -+ 4+ ¢pe fay for a unique cholce of
scalars ;. This can only happen if 3 = N.

3.2 Spanning in Infinite Dimensions

For proofs, examples, and more information an bases. convergence of series,
and related issues in 1101 med spaces that are discussed in this section, we
suggest the references (28], [64], {93]. [98], [108}, [114].

In a completely arbitrary vector space we can only define finite sums of
vectors, hecause to define an infinite series we need a notion of convergence,
and this requires a norm or metric or at least a topolog:\‘, Thus, we define the
finite linear span of a collection of vectors {f,}aes to he

51')311{{fa}o-e.j) = < N o & C,(){’?j & ]}

We say that {fi}aecs spans V if the finite span is all of V., ie., every vector
in V' equals some finite linear combination of the f,. We say that {fatael
is a Hamel basis if it hoth spans and is finitely linearly independent, or,
equwalent‘v if every nonzero vector f € V can be written f = E:;\_l cifa. o

a unique choice of indices {oy} i

N, and nonzero scalars {c;}Y . For most vector
spaces, Hamel hases are only known to exist because of the Axiom of Choice:
in fact, the statement “Every vector space has a Hamel basis” is equivalent
to the Axiem of Choice. Although Hamel bases are sometimes just called
“bases,” this is potentially confusing because if V is a normed space, then the
word busis Is usually reserved for something different (see Definition 3).

As soon as we impose a little more structure on our vector space, we can
often construct svstems which are much more convenient than Hamel bases.
For example, in a Banach space we have a norm, and hence can form “infinite
linear combinations”™ by using infinite series. In particular, given a collection
{/i}:en indexed by the natural numbers and given scalars {c:bien. we say the

series f = Z:—] c; fi converges and equals fif || f— 2171 cifil = 0as N — oo
Note that order in this series is important; if we change the order of indices
we are not guaranteed that the series will still converge. If the convergence
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does not depend on the order it is called unconditionel convergence, otherwise
it is conditional convergence.

A velated but distinct consequence of the fact that we have a norm is that
we can form the closure of the finite linear span by constructing the set of
all possible limits of finite linear combinations. This set is called the closed
span, and is denoted $pani({fitien). Given f € Eﬁi&ﬁ"}'({ﬁ}zel\»y by definition
there exist vectors gy € span({ fq-}féN) which converge to f. However, this is
not the same as forming infinite linear combinations. While each gn 18 some
finite linear combination of the Jii it need not be true that we can write
gy == }:;1 ¢ifi using a single sequence of scalars {eihien.

Using these nctions, we can form several variations on “spanning sets.”

Definition 3. Let {f}.en be a countable sequence of vectors in o Boanach
spuce X .

(a) {fitien is complete (or total or fundamental) i Spa-ﬁ({f@}iEN) =X,
he, Jor each f e X and cach N ¢ N there extst scalars {on i (f)ben
such that Z;l enidlf)Fi— Fas N — oc.

{b} {fitiew has Property S if for each f € X ithere erist sealars {e;(f) hen
such that

>

F=Seins. 1)

f=]

{c) {fitien 78 a quasibasis if if has Property S and for each i € N the maepping
I e f) is linear and continuous {and hence defines an element of the
dual space X*).

{d) {fitien is a basis or Schauder basis if it has Property S and for cach
€ X the scalars {ei( fiYien are unigue.

Completeness is a weak property. The definition says that there ave &.
nite linear combinations of the Ji that converge to f, but the scalars needed
can change completely as the length N of the linear combination increases,
On the other hand, unlike the other properties there exists a nice, simple
characterization of complete sequences. For the case of a Hilhert space it is:

{fitien is complete = only f = 0 is orthogonal to every fi

{for a general Banach space we just have to take f to lie in the dual space X ),
Counsequently, if { fi }en is compiete, then every f ¢ H is uniguely determined
hy the sequence of inner products {{f. J) ien. or in other words, the enelysis
operator T(f) = {{f, fi)bien i an injective mapping into the space of all
sequences. However, this doesn't give us an algorithm for constructing f from
those inner products, and in general there need not exist a stahie way to do
so, Le., 771 need not be continuous,
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Property S seems to have no standard name in the literature (hence the
uncreative name invented here}, perhaps because it is not really a very useful
conecept by itself. In particular, the definition fails to provide us with a stahle
algorithm for finding & choice of coefficients c;(f) that can be used to rep-
resent f. The definition of quasibasis addresses this somewhat by requiring
that each mapping f s ci{f) be contimous {for more details on quasibases,
see (86! and the references therein). However, this is still not sufficient in
most applications, as it is not so much the coentinuity of each Individual map
f= e f) that is important but rather the continuity of the mapping from
f to the entire associated sequence {ed fitien. In other words, in concrefe
applications there is often some particular associated Banach space X, of se-
quences (Imposed by the context), and the mapping = {ed fvieny must be
a continuous linear map of X into Xq. Specializing to the Hilbert space case,
this is one of the ideas behind the definition of frames (see Section 3.3 I

Imposing uniqueness seems to he a natural requirement, and in fact, it
can he shown thas even though the definition of basis does not include the
requirement that f — ([} be continuous, this follows automaticaily from the
unigueness assumption {(and the fact that we are Using norm convergence).
Thus every hasis is actually a quasibasis. Unfortunately, in many contexts
uniqueness is simply too restrictive. For example, this is the case for Gabor
systenis (compare the Balian-Low Theorem, Theorer: 16 below). The terms
“hasis” and “Schauder basis” are used interchangesably in the Banach space
setting.

We can summarize the relations among the “spanning type” properties
introduced so far by the following implications:

. = ] N
basis quasibasis = Property § , complete.

It seems unclear whether every systemn with Property S must actually be a

quasibasis (compare 154]), but the other implications are known to not he
reversible In general (even in a Hilbert space).
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3.4 Independence in Infinite Dimensions

We explove independence in more detai in this section. For proofs and more
information, see [28 i ‘

The following are se
pendence.

1
93], {981, 108], [114].
eral shades of gray in the pessible definition of inde-

Befinition 7. Let {filien be a countable sequence of elements 4n o Bonach
space X

{a) {filien 48 a basis or Schauder basis if for each f & X there cwist unigue
scalors ¢ such that f = Soicifi

(b) {fitien 45 minima) if Jor cach 7 € N, the vector Fi does not lie in
SPAN{{ fi i ). Equivalently (via Hahr-Banach), there must cxist o se-
quence { Filien in the dual space X* that is biorthogonal to {Ffitien, de.,
\/J((/T,} =1di=j and 04143

(e} {fi}ien 7s w-independent if the series T eif can converge and equal
the zero vector only when every ¢; =

&) {fitien s finitely independent {ar sim ly independent) if every finite
VA fihie 3 I { s pe Y .
subset is independent. ic., for any N we have Yiciifi = 04f and only

ifoy = =en =0,

For example, consider the svstem of exponentials {¢,5},c7 described in
Example 5. We have already seen that the system is a basis only for 3 =
If % > 1 then it is not even complete, while if 3 < 1 then it is not a basis
because we showed explicitly in (5) that the vector ey has two different series
representations. Additionally, equation (6) implies that eq lies in the closure
of span({ f'?-”l‘.g}?-b?—_‘()), 5o the system is not minimal, F urther, hy subtracting o
from both sides of (6) we obtain a noutrivial infinite series that converges
and equals the zero vector, so the system is not w-independent. Even so, that
svstem: s finitely independent.

The following implications among these properties hold, none of which is
reversible in general (even in a Hithert space):

.. e L., == o L = finitely
basis , minimal . w-independent o
= = = independent.

One technical point is that the definition of basis really combines aspects of
both spanning and independence, Le.. a basis is necessarily complete and has
Property S. Adding completeness doesn't change the implications above, ¢. 2.,
every basis is both minimal and complete, but a minimal sequence that is
complete need not be a basis (a sequence which is both minimal and com-
plete is sometimes called an evact sequence}. On the other hand, Property 5
is exactly what is missing for a minimal or w-independent sequence to he
a hasis, for with either of those hivpotheses, once we know that an infinite
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series 3 77 ¢; f; converges, we can conclude that the coefficients are uniqgue,
However, as shown by the example of the exponentials, finite independence
combined with Property S is not suffcient to ensure that we have a hasis.
Thus we have the following equivalences:

L ‘ minimal with o w-independent
Property § with Property §,

and each of these implies fnite independence, hut not conversely: a finitely
independent sequence which has Property S need not be a basis. Similarly,
combining the various independence criteria with & frame hypothesis, we ob-
tain the following result, which should be compared to Example 5, where we
showed that a frame which is finitely independent need not be a basis.
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4. BASES IN BANACH SPACES

Since a Banach space X iz a vectar space, it must possess a Hamel, or veclor space, basis, i,
a subset {z, },er whose finite linear span is all of X and which has the property that every finite
subcollection is linearly independent. Any element x € X can therefore be written as some finife
linear combination of x,. However, even a separable infinite-dimensional Banach space would
vequire an uncountable Hamel basis. Maoreover, the proof of the existence of Hamel bases for
arbitrary infinite-dimensional spaces requires the Axiom of Choice (in fact, in can be shown that
the statement “Every vector space has a Hamel basis” is equivalent to the Axiom of Choice). Hence
for most Banach spaces there is no constructive method of producing & Hamel basis.

Example 4.1. [Gol66, p. 101]. We will use the existence of Hamel bases to show that if X
is an infinite-dimensional Banach space, then there exist linear functionals on X which are not
continuous. Let {z} er be a Hamel basis for an infinite-dimensional Banach space X, normalized
so that ||z, | = 1 for every v € ['. Let I'y = {7, ¥2,...} be any countable subsequence of I'. Define
p: X — C by setting plv,) = n for n € N and p(y) = 0 for v € I'\I'g, and then extending p
linearly to X. Then this u is a linear functional on X, but it is not bounded. ¢

More useful than a Hamel basis is a counteble sequence {x,} such that every element r € X
can be written as some unique nfinite linear combination z = > ¢,z,. This leads to the following

definition.

Definition 4.2.

(a) A sequence {z,} in a Banach space X is & basis for X if

Ve X, 3 unique scalars a,(z) such that z = Zan(a’:) T, {4.1)

T

(b} A basis {z,} is an unconditional basis if the series in (4.1) converges unconditionally for
each z € X.

(¢} A basis {x,} is an absolutely convergent basis if the series in (4.1) converges absolutely for
each = € X.

{d) A basis {z,} is a bounded basis if {x,} is norm-bounded both above and below, i.e., if
0 < inf ||z, < sup [zp] < oo

{e) A basis {z,} is a normalized basis if {z,} is normalized, i.e, if ||z,]| =1 for every n. ¢

Absolutely convergent bases are studied in detail in Chapter 5. Unconditional bases are studied
in detail in Chapter 9.

Note that if {x,} is a basis, then the fact that each @ € X can be written uniquely as z =
> aplz) z, implies that x, # 0 for every n. As a consequence, {z,/||z,||} is & normalized basis
for X.

Eﬁ“% = ¥ hos Oa a%z.salﬂ%agj @gm@rgﬁn% ém?s/ aﬁn
ﬁﬁpa’{c}g?wﬁ Esamarpivx?‘sm il X -—-—,\s,é” {ond
%n«eﬁﬁbg\},
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If X possesses a basis {z, } then X must be separable, since the set of all finite linear combina-
tions 2;1\:1 Cniyn With rational ¢, {or rational real and imaginary parts if the ¢, are complex) forms
a countable, dense subset of X. The question of whether every separable Banach space possesses
a basis was a longstanding problem known as the Basis Problem. It was shown by Enflo [Enf73)]
that there do exist separable, reflexive Banach spaces which do not possess any bases.

Notation 4.3. Note that the coefficients o, (z) defined in (4.1) are linear functions of x. More-
over, they are uniquely determined by the basis, i.e., the basis {x, } determines a unique collection
of linear functionals an: X — ¥. We therefore call {a, } the associated sequence of coefficient func-
tionals. Since these functionals are uniquely determined, we often do not declare them explicitly.
When we do need to refer explicitly to hoth the basis and the associated coefficient functionals,
we will write “({2,}, {an}} is a basis” to mean that {z,} is a basis with associated coefficient
functionals {a,}. We show in Theorem 4.11 that the coefficient functionals for any basis must be
continuous, ie., {a,} C X*.

Further, note that since z,, = > an(2) 2, and om = 5 dmn Tn are two expansions of @, we
must have @m(Zn) = dmy for every m and n. We therefore say that the sequences {x,} € X and
{an} € X* are biorthogonal, and we often say that {a,} is the biorthogonal system associated with
{zn}. General biorthogonal systems are considered in more detail in Chapter 7. In particular, we
show there that the fact that {x,} is a basis implies that {a,} is the unique sequence in X* that
is biorthogonal to {z,}. ¢

Example 4.4. Fix 1 < p < oo, and consider the space X = ¢” defined in Example 1.6. Define
sequences e, = (dmn)oo—; = {0,...,0,1,0,...), where the 1 is in the nth position. Then {e,} is a
basis for £7, often called the standard basis for £7. Note that {e,} is its own sequence of coefficient

functionals.
On the other hand, {e,} is not a basis for £*°, and indeed £* has no bases whatsoever since

it is not separable. Using the £° norm, the sequence {e,} is a basis for the space ¢g defined in
Example 1.6{c). ¢

We are primarily interested in bases for which the coefficient functionals {a,} are continuous.
We therefore give such bases a special name.
Definition 4.5. A basis ({z,}, {en}) is a Schauder basis if each coefficient functional a, is con-

tinuous. In this case, each a, is an element of the dual space, i.e., a, € X* for every n. O

We shall see in Theorem 4.11 that every basis is a Schauder basis, i.e., the coefficient functionals
an are always continuous. First, however, we require some definitions and miscellaneous facts. In
particular, the following operators play a key role in analyzing bases.

Notation 4.6. The partial sum operators, or the natural projections, associated with the basis
{({zn}.{an}} are the mappings Sy: X — X defined by

N
Syt = Zan{z)mﬂ. &
n=1
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6. SOME TYPES OF LINEAR INDEPENDENCE OF SEQUENCES

In an infinite-dimensional Banach space, there are several possible types of linear independence
of sequences. We list three of these in the following definition. We will consider minimal sequences

in particular in more detail in Chapter 7.

Definition 6.1. A sequence {z,} in a Banach space X is:

{a) finitely independent if Z;:zl Cnty =0 implies ¢ = -+ = ¢y =0,

{b} w-independent if 5 . ey, converges and equals G only when ¢, = 0 for every n,

{¢} minimal if ., ¢ Span{z, buem for every m.

Theorem 6.2. Let {z,} be a sequence in a Banach space X. Then:

(a) {zn} is a basis ==> {x,} is minimal and complete.
(b) {zn} is minimal = {z,} is w-independent.

{(c) {z,.} is w-independent == {z,} is finitely independent.

Proof. (a) Assume that ({z,},{an}) is a basis for a Banach space X. Then {z,} is certainly
complete, so we need only show that it is minimal. Fix m, and define F = span{z,, }.4m. Then,
since {z, } and {a, } are biorthogonal, we have {z,a,,) = 0 for every z € E. Since a,, is continuous,
this implies {x,am) = 0 for every x € E = SPani Ty bnzm. However, we know that {@m,am) = 1,
so we conclude that z,, ¢ E. Hence {z,} is minimal.

(b} Suppose that {z,} is minimal and that }_ ¢,z, converges and equals . Let m be such that

cm # 0. Then o, = — -2 rstn Cndn € SPEL{ Ty, Frstm, & contradiction.

Cm

{c} Clear. U

None of the implications in Theorem 6.2 are reversible, as the following examples show.

Example 6.3. [Sin70, p. 24]. Minimal and complete =% basis.

Define C{T) = {f € C(R): f{t+ 1)} = f{t)}, the space of all continuous, 1-periodic functions.
Then C(T) is a Banach space under the uniform norm |j-jj . Consider the functions e, () = ¢2%"!
for n € Z. Not only are these functions elements of C{T), but they define continuous linear
functionals on C{T) via the inner product {f,e,) = fal f{) e 2™t gt Further, {en }nez Is its own
biorthogonal system since (e, €n) = duyn. Lemma 7.2 below therefore implies that {entnez is
minimal in C{T). The Weierstrass Approximation Theorem [Kat68, p. 15] states that if f € C(T)
then “f - Ei:;_;f (;,2,5,1”‘5cc < ¢ for some scalars ¢,. Hence span{e,}nez is dense in C{T), and
therefore {e,}nez is complete in C('T). Alternatively, we can demonstrate the completeness as
follows. Suppose that f € C(T) satisfies (f,e,) = 0 for every n. Since C(T) C L*(T) and since
{en}nez is an orthonormal basis for L*{T}, this implies that f is the zero function in the space
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L?(T), hence is zero almost everywhere. Since f is continuous, it follows that f(£) = 0 for all t.
Hence {e, tnez is complete both C{T) and L*{T) by Corollary 1.41.

Thus, {en}nzz is both minimal and complete in C(T). Further, if f = 3 cne, converges in
C(T), then it is easy to see from the orthonormality of the e, that ¢, = (f.e.). However, it is
known thai there exist continuous functions f € C(T) whose Fourier series f = > (f,en)e, do
not converge uniformly [Kat68, p. 51]. Therefore, {e, }nez cannot be a basis for C(T). ¢

Example 6.4. [Sin70, p. 24]. w-independent == minimal.

Let X be a Banach space such that there exists a sequence {z,} that is both minimal and
complete in X but is not a basis for X {for example, we could use X = C{T) and z,(t) = e, (t) =
e?™™ as in Example 6.3). Since {z,} is minimal, it follows from Lemma 7.2 that there exists a
sequence {a,} C X* that is biorthogonal to {@,}. Since {z,,} is not a basis, there must exist some
y € X such that the series 3 (y, an) z,, does not converge in X. Consider the sequence {y}i{z,}.
This new sequence is certainly complete, and since y € span{z, }, it cannot be minimal. However,
we will show that {y}U{z,} is w-independent. Assume that cy+ 3> ¢z, = 0, i.e., the summation
converges and equals zero. If ¢ ¢ 0 then we would have y = —% S enry,. The biorthogonality
of {z,} and {a,} then implies that (y,an) = —cn/c. But then 5 (y,a,) z, converges, which is
a contradiction. Therefore, we must have ¢ = 0, and therefore 3 c,x, = 0. However, {z,} is
minimal, and therefore is w-independent, so this implies that every ¢, is zero. Thus {y} U{z,} is
w-independent and complete, but not minimal.

Alternatively, we can give a Hiibert space example of a complete w-independent sequence that
is not minimal [VD97]. Let {e,} be any orthonormal basis for any separable Hilbert space H, and
define f; = e; and f, = e; + e,/n for n > 2. Then {f,} is certainly complete since span{f,} =
span{e,}. However, ||f; — foll = llen/nll = 1/n — 0. Therefore f; € Span{fu}n>z2, so {fn} is
not minimal. To see that {f,} is w-independent, suppose that 5 ¢, f,, converges and equals zero,
Then

N N N
Z Cnfn = (Z Cn> €; + Z Cnln — 0.
n—=1 n=1 n="%
Therefore,
§ { N N ’ 2 N ;2 N
’l ch>el -+ chen[ = chl -+ Zlcnég — {.
I\ “ L Pt

This implies immediately that ¢, = 0 for each n > 2, and therefore ¢; = 0 as well, &

Example 6.5. [Sin70, p. 25]. Finitely independent == w-independent.

Let {({n},{an}} be a basis for a Banach space X, and let z € X be any element such that
{r,a,) # 0 for every n. For example, we could take z = - Note that = cannot equal
any z, because (Tn,am) = ¢ when m # n. Consider then the new sequence {z} U {2,}. This
is certainly complete, and -z + Y {(x,a,) z, = 0, s0 it is not w-independent. However, we will

show that it is finitely independent. Suppose that cx + 2;\;1 CnZn = 0. Substituting the fact that
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oy (T, Q) Ty, it follows that

N o0
E (c(:x,an> —i—cn). Ty + E cle,any 2, = 0.
n=1 =N
However, {z, } is a basis, so thisis only possibleif ¢{z,a,)+¢c, =0 forn=1,..., N and ¢(z, ay,) = 0
for n > N. Since no {z,a,) is zero we therefore must have ¢ = 0. But then ¢; = --- = ¢y =0, so

{z} U{x,} is finitely independent. ¢
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Continub s
SCHAUDER BASES

Definition 1. Let X be a Banach space. A sequence {ey}ren in X is a basis for X if for
each z € X there exist unique scalars a,{x} such that

o
r o= Zak(x)ek:
k=1

where the series converges in the norm of X.
The functionals ey are linear. If they are also continuous, then {e; }rex is called a Schauder

basis for X.
The partial sum operators associated with the basis are the mappings Sy: X — X defined

by

N
SNCC = E ak{ﬂ‘?)zﬂ.k.
k=1
Note that, by definition, Syz — 7 as N — o0.

This exercise will show that if {e,, },,ex is a basis for a Banach space X, then it is a Schauder
basis. Thus, the mere existence and uniqueness of the functionals a; implies that they are
bounded. There are several essentially similar ways to prove this; feel free to take a different

approach.
NOTE: Keep in mind throughout that we do NOT know that the functionals a; or the

operators Sy are bounded; this is exactly what we are frying to prove.
a. Prove that {e; brex and {og brew are biorthogonal, i.e.,
aj{ex) = Oy,

and that
' range{Sy) = Ex = span{e;,...,ex}.

b. Define
2l = sup fSwal,  weX.
N
Show that ||| - [[| is a norm, and that || - || < ||| - ]Il
¢. Our next goal is to show that X is complete with respect t¢ [fi - ||. We break this into
several steps.
Suppose that {z,}nen Is a Cauchy sequence in X with respect to ||| - . Show that for

each N € N, there exists 2y € Ey such that [[zxv — Syx,|l — 0 as n — oo.

d. Show that

Ti—»

lim (sup Hzp — SN-:an[) m (),
o0 \ N

e. Show that {zx}ven is Cauchy with respect to || - ||.
Hint: 3¢ argument.
f. Show that there exist scalars (¢p)ren, Wwith c¢p independent of N, such that zy =

Y\,W
et o= WER
1

|

L




[}

Hint: Show that Sz = 2.
Hint: Sy|g,,, is continuous because Sy is linear and Ey, is finite-dimensional.

g. Show that o = 5 7 ¢pey converges with respect to || - ||

h. Show that [z — z,[| — 0, and conclude that X is complete with respect to [j - [|.

i. Show that {| - || and || - ]| are equivalent norms on X, and that each Sy is bounded on
X with respect to these norms.

j. Show that each a; is bounded.
Hint: Consider S, — Sy_1.
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