C
Peretionad=Analysisand Operator Theory

In this appendix we. coilect ba.ckground results on. functwnal analysis and
“'operator theory. h

See Section 5T

C.1 Linear Operators on Normed Spaces in sl o8

In this section we will review the basic properties of linear operators on normed
spaces.

Definition C.1 (Notation for Operators). Let X, ¥ be vector spaces, and
let T: X — Y be a function mapping X into ¥. We write either T'(f) or T'f
to denote the image under T of an element f € X.

{a) T'is linear if T(af +8g) = oI (f)+6T(g) for every f,g € X and @, 3 € C.
(b} T'is antilinear if T(af +89) = &T(f)+ BT (g) for f,g € X and o, § € C.
(c) T is ingective if T(f) = T(g) implies f = g.

(d) The kernel or nullspace of T is ker(T) = {f € X : T(f) = 0}.

{e) The range of T is range(T) = {T(f) : f € X}.

(f) The rank of T is the vector space dimension of its range, Le., rank{T) =

dim(range(T)). In particular, T is finite-rank if range(T) is ﬁmte—dlmen—
sional.

() T is surjective if range(T V=Y
(h) T is a bijection if it is both injective and surjective.

We use either the symbol I or Ix to denote the identity map of a space
X onto itself.

. A mapping between vector spaces is often referred to as an operator or a
transformation, especially if it is linear. We 1ntroduce the following terminol-
ogy for operators on normed spaces. :
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Definition C.2 (Operators on Normed Spaces). Let X, ¥ be normed
linear spaces, and let L: X — Y be a linear operator.

(a) L is bounded if there exists a finite K > 0 such that
vieX, [Lfll< KLl

By context, |[Lf|| denotes the norm of Lf in Y, while || f|| denotes the
norm of fin X,

(b) The operator norm of L is

IZIl = sup [Lf]|. (C.1)
ifli=1

On those occasions where we need to specify the spaces in question, we
will write ||L| x—y for the operator normof L: X — V.

. (¢) We set
B(X,Y) = {L: X > Y : L is bounded and linear}.

If X =Y then we write B(X) = B(X, X).
(f) FY = C then we say that L is a functional. The set of all bounded linear
functionals on X is the duel space of X, and is denoted

X* = B(X,C) = {L: X - C: L is bounded and linear}.

Another common notation for the dual space is X’. Note that since the
norm on € is just absolute value, the operator norm of a linear functional
LeX*=B{(X,C)is ,
IL) = sup |Lf].

Ifl=1

Notation C.3 (Terminology for Unbounded Operators). We mostly
will be concerned with bounded operators, but unbounded operators also arise
naturally in many circumstances. Very often, unbounded operators are not
defined on the entire space X but only on some dense subspace. For example,
the differentiation operator Df = f' is certainly not defined on all of LP(R),
but it is common to refer to the “differentiation operator D on LP(R)”, with
the understanding that D is only defined on some associated dense subspace
such as LP(R)NC(R) or S(R). Another common terminology is to write that
“D: LP(R) — LP(R) is densely defined,” again meaning that the domain of
D is a dense subspace of LP(R) and D maps this domain into ZP(R).

The next exercige establishes soms hagic

Exercise C.4. Let X, Y be normed linear spaces. Let £: X — ¥ be a linear
operator.

(a) L is injective if and only if ker I = {0}.
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(b) If L is a bijection then the inverse map L™1: Y — X is also a linear
bijection.
(¢} L is bounded if and only if | Z| < co.

(d) If L is bounded then [|Lf|| < {|Z|| ||f]|| for every f € X, and || L] is the
smallest K such that ||Lf]| < K||f| for all f e X.

© 1Ll = sup [L7] = sup IEL1
Ifli< 70 || f]

Example C.5. Consider a linear operator on a finite-dimensional space, say
L: C™ — C™, For simplicity, let us impose the Euclidean norm on both C™
and C™. If we let C = {z € C* : ||z| = 1} be the unit sphere in C?,
then I{C} = {Lz : ||x|| = 1} is a (possibly degenerate} ellipsoid in R™. The
supremum in the definition of the operator norm of I is achieved in this case,
and is the length of a semimajor axis of the ellipsoid L(C). Thus, ||Z| is the
. “maximum distortion”. of the unit sphere under L, llustrated for the the case
- m =n =2 (with real scalars) in Figure C.1.

-3¢

Fig. C.1. Image of the unit circle under a particular linear operator I.: B2 — R%.
The operator norm ||L| of L is the length of a semimajor axis of the ellipse.

C.1.1 Equivalence of Boundedness and Continuity

Our first main result of this section shows that continuity is equivalent
to boundedness for lineer operators on normed spaces. Recall that, by
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Lemma A50, if X and Y are normed spaces, then L: X — ¥ is continu-
ous at a point f € X if f, — fin X implies Lf, — Lf in Y, and L is
continuous if it is continuous at every point.

Theorem C.6 (Equivalence of Bounded and Continuous Linear Op-
erators). If X, Y are normed spaces and L: X — Y is linear, then the
following statements are equivelent.

(a) L is continuous at some f € X.
(b) L is continuous at f =0.

(c) L is continuous.

(d) L is bounded.

Proof. (c} = (d). Suppose that L is continuous but unbounded, Then we have
II1L|| = oo, so there must exist f, € X with || f,|| = 1 such that ||Lf.|| > n.
is continuous and linear, this implies Lg, — L0 = 0, and therefore ||Lg, | —
[|0] = 0. But

1
-

n =1

1
1Zgall = ~ILfall 2

for all n, which is a contradiction. Henee L must be bounded.

~ (d) = {c). Suppose that L is bounded, so {|L|| < co. Suppose that f € X
and that f,, — f. Then ||fn. — f|] — 0, so, since L is linear,

1Lfn = LAl = [[L{fa =D < IENIfa = FIl = 0,

ie., Lfs = Lf. Thus L is continuous.
The remaining implications are exercises. O

Thus, if X, Y are normed and L: X — Y is linear, then the terms “con-
tinuous” and “bounded” are interchangeable.

C.1.2 Isomorphisms

The notion of a topological isomorphism (or hemeomorphism) between arbi-
trary topological spaces was introduced in Definition A.47. We repeat it here
- for the case of normed spaces, along with additional terminology for operators
that preserve norms.

Definition C.7 (Isometries and 'Isomorphisms). Let X, Y be normed

spaces, and let L: X — Y be linear.

(a) If L: X — Y is alinear bijection such that both L and L~ are continuous,
then L is called a topological isomorphism, or is said to be continuously

invertible.
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(b} If there exists a topological isomorphism L: X — ¥, then we say that X
and Y are topologically isomorphic.

() X || LFl = || fil for all f € X then L is called an isometry or is said to be
NOTIM-PTESETVINg.

(d) An isometry L: X — Y that is a bijection is called an isometric isomor-
phism.

(e) If there exists an isometry L: X — Y then we say that X and ¥V are
isometrically isomorphic, and we write X & Y in this case.

On occasion, we will deal with antilinear isometric isomorphisms, which
are entirely analogous except that the mapping L is antilinear instead of linear.

Remark C.8. The Inverse Mapping Theorem, which is covered in Section ?7
below, states that if X and Y are Banach spaces and L: X — Y is a bounded
linear bijection, then L~! is automatically bounded and hence L is a topolog-
“iéal isomorphisin. Thus, when X and'Y are Banach spaces, every continuous
linear bijection is actually a topological isomorphism.

For the case of Hilbert spaces, we have a special terminology for isometric
isomorphisms.

Definition C.9 (Unitary Operator). If H, K are Hilbert spaces and
L: H — K is an isometric isomorphism, then L is called a unitary opero-
for, and in this case we say that H and K are undtarily isomorphic.

In addition to preserving the norm, an isometry on an inner product space
preserves the inner product.

Theorem C.10. Let H, K be inner product spaces, and let L. H — K be a
linear maopping. Then the following statements are equivalent.

(a) L is inner product-preserving, i.e., (Lf,Lg) = (f,g) for all f, g€ H.
{b) L is norm-preserving {an isometry), i.e., [|[Lf]| = [if|| for all f € H.

Proof. (b) = (a). Assume that L is an isometry, and fix f, g € H. Then for
any scalar A € € we have by the Polar Identity and the fact that I is isometric

that

1712+ 2Re X (f,0) + M gl = |IF +rgll?
= ||Lf + ALg||
— ILFIZ LOReM/LF Lad + IM2 L
=71 Lt Bt S e B H

[ +2Re A(LF, Lg) + |A1? ||l

Thus Re X (Lf, Lg) = ReX{(f,g) for every A € C. Taking A = 1 and X = i,
this implies that (Lf, Lg) = (f,g). O
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C.1.3 Eigenvalues and Eigenvectors

We recall the definition of the eigenvalues and eigenvectors of an operator
- that maps a space into itself.

Definition C.11 (Eigenvalues and Eigenvectors). Let X be a normed
gpace and L: X — X a linear operator.

(a) A scalar A is an eigenvalue of L if there exists a nonzero vector f € X
such that Lf = Af.

(b) A nonzero vector f € X is an eigenvector of L is there exists a scalar A
such that Lf = Af.

Additional Problems

_C.1. Let ¥ _be any normed linear space and let X = C% under the Euclidean
norm. Prove directly that if L: €% — Y is linear, then L is bounded.

C.2. Extend Problem C.1 to arbitrary finite-dimensional domains: Show that &—— // wnt: 4” noerms

if X is any finite-dimensional vector space (under any norm) and Y any Siacte-dim

normed linear space, then every linear function L: X — Y is bounded. o o ot '
Spece o.re

C:3.If X, Y are normed spaces and L: X — Y is continuous, show that Qzu-‘\m_ﬁm-&.
ker(L) is a closed subspace of X.

C.4. (a) Define L: £2(N) — £*(N) by L(z) = (x2,3,...). Prove that this
left-shift operator is bounded, linear, surjective, not injective, and is not an
isometry. Find | L|| and all eigenvalues and eigenvectors of L.

(b) Define R: £2(N) — £2(N) by R(z) = (0,%1,%2,%3,-..). Prove that
this right-shift operator 1s bounded, linear, injective, not surjective, and is an
isometry. Find |[R|| and all eigenvalues and eigenvectors of R.

(e) Compute LR and RL and show that LR £ RL. Contrast this compu-
tation with the fact that in finite dimensions, if A, B: C* — C" are linear
maps (hence correspond to multiplication by n x n matrices), then AB = T
implies BA = [ and conversely.

C.5. Let X be a Banach space and ¥ a normed linear space. Suppose that
L: X — Y is bounded and linear. Prove that if there exists ¢ > 0 such that
|Lz| > cljz|| for all z € X, then L is injective and range(L) is closed.

C.8. Show that if L: X — Y is a topological isomorphism, then

A
IZ=1 =

C.7. Show that if H, K are sepa:rable Hilbert spaces, then H and K are
unitarily isomorphic.

vVieX, < IZfE < IEIF-
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C.8. Let A be an m x n complex matrix, which we view as a linear transfor-
mation A: C" — C™. The operator norm of A depends on the choice of norm
for C* and C™. Compute an explicit formula for || 4|, in terms of the entries
of A, when the norm on C® and €™ is taken to be the #' norm. Then do the
same for the £ norm. Compare your formulas to the version of Schur’s Test
given in Theorem C.20.

C.9. The Axiom of Choice implies that every vector space has a basis, which
in this volume we refer to as a Hamel basis, see Section ?7. Use this to show
that if X is an infinite-dimensional normed linear space, then there exists a
linear functional p: X — C that is unbounded.
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C.8 Hint: The operator norms are
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C.9 Solution. By the Axiom of Choice in the form of Zorn’s Lemma,
there exists a Hamel basis (vector space basis) {fi}ier for X. That is,
span{{fi }ier) = X (i.e., the finite linear span is all of X}, and every finite sub-
set of { f;}ier is linearly independent. By dividing each vector by its length, we
can assume that || fi|| = 1 for every i € I. Let Jp = {j1, o, ... } be any count-
able subsequence of I. Define u(f;.) = n for n € Nand u(f;) =0fori e I\Jo.

-Then-extend i linearly-to-all of X'+ Bach-nonzero vector -f-€-X-has a-unique
representation as f = Eszl ek fi, for some iy,..., iy € I and nonzero scalars
C1y---,Cn, S0 we define p(f) = Ekle exit(fi, ). This p is a linear functional
on X, but since || f;, | =1 yet |u(f;.)| = n, we have ||| = co.
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