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A.13 Orthogonality and Complete Sequences

In a Hilbert space, the combination of completeness and orthonormality of
a sequence {en}nen leads to especially nice series representations of vectors-
in H in terms of the vectors e,. We will explore this topic in this section.

First, the following exercise summarizes some basic results connected to
convergence of series of orthonormal vectors.

Exercise A.96. Let {e,}nen be any orthonormal sequence in a Hilbert
space H. Show that the following statements hold.

(a) Bessel’s Inequality: z:;l [, en)|? < ”f”g
(bYIf f = zzozl cnen converges, then ¢, = (£, en).
{c} erl Cp €y CONVErges <— E:‘;l |Cn|2 < oo,

d) If 3" | cnen converges then it converges unconditionally, i.e., it converges
=1 g g
regardless of the ordering of the indices (see Section A.11),

(e) f €span({eatnen) <= f=>,_,(fien)en.
(f)lf f € H, then p=73 ", {f,en) &, is the orthogonal projection of f onto
span({en tnen).
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A.96 (a) Choose f € H. For each N define

N
fno= =Y enen

n=1
If1 <k <N, then we have
N
(fN:ek) = (f,ek)_z<f,€n> (ensek> = (f,&;)-(f,ek) = 0.
n=1

Thus fy L e1,...,en. Therefore, by the Pythagorean Theorem, we have

N 2
112 = £+ D4 en) en
n=1

If

N
LI+ D 1S en) enll?

n=1

N N
= 712+ D01 Fead > D (Fendl®
n=1 n=1

Letting N — o0, we obtain Bessel’s inequality.

(c) <. Suppose that >~ | |en|? < co. Set

N N
sV = Y cnen,  tn o= 3 leal®
=1 n=1

We know that {t~}wven is a convergent (hence Cauchy) sequence of scalars,
and we must show that {sy }wen is a convergent sequence of vectors. We have
for N > M that . :

N
2
lsn — sarf® = ” > cnen“
n=M+1
N
Z lleaeni®
n=M+1
N
= 2 e’ = liw—tal.

n=M+1

Since {ty}nen is Cauchy, we conclude that {sy}nyew is Cauchy and hence
COILVETges. .

{d) By Bessel’s inequality and part (c), we know that the series p =
> ome 1 {f.€n) €n converges, so we just have to show that it is the orthogo-

" nal projection of f onto Span({en }nen). Given any k we have by the linearity

and continiity of the inner product that




462 Detailed Solutions

oo

(f_pzek) = (f,ek);Z(f,en><€n,6k) = (f,E,tc)_<f,€k) = 0.

n=1

By linearity of the inner product, this implies that f —p .l span{{e, }nen. By
continuity of the inner product, this extends to f — p | span{{e,}). Hence p
is indeed the orthogonal projection of f onto span({en }rewn)-




A.13 Orthogonality and Complete Sequences 183

Now we characterize those sequences in a Hilbert space that are both
complete and orthonormal.

Exercise A.97. Let {e,}new be any orthonormal sequence in a Hilbert

.space H. Show that the following statements are equivalent.

{(a) {en}nen is complete.

(b) For each f & H there exist unique scalars (¢ )new such that f =
2 net Cnén.

(¢c)Foreach f e H, f=31" {f,en) €n.

(d) Plancherel’'s Equality: For each f € H, ||f]|* = Y oe | |(f,en)]*.

(e) Parseval’s Equality: For each f, g € H, (f,9) =3 (f, €n) (en, 9).




ek
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A.97 (a) = (b). If {en} is complete, then its closed span is all of H, so by
Exercise A.96(e) we have f =37, (f,e.) e, for every f € H.

(¢) = (e). Suppose that (c) holds, and choose any f, g € H. Then

) = (3 (Frenbens g) = Z((f,en>en, 9) = Z (F,en) (en, 9},
n=1 n=]1

where we have used Problem A.12 to move the infinite series outside of the
inner product.

(d) = (c). Suppose that || f||2 = 30° ; I{f,en)[? for every f € H. Fix f,
and define sy = Zﬁ‘;l (f,en) en. Then, by direct calculation and the by the
Pythagorean Theorem,

if = swl® = £~ (Frsw) — (s, ) + [lswl|®
N N
= |72 - Z 1/, en)]? Z [(Fren)? + S 1(F, en)?
n=1 =]

N
”fl Zlf'le'n. — 0  as N — oo.
n=1

Hence f = Zn_ (f.en)en
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Thus, for an orthonormal sequence, completeness implies the existence of
series expansions of vectors. This need not be true for arbitrary complete
sequences, even in a Hilbert space (an example is given in Problem A.21).

Definition A.96 (Orthonormal Basis). Let H be a Hilbert space. An or-
thonormal sequence {e, }ney which satisfies the equivalent conditions of Ex-
ercise A.95 is called an orthonormal basis for H,

Remark A.97 In Section 77, we will consider Schauder bases for Banach
spaces. A Schauder basis is a sequence {f.}nen is a Banach space X such
that every vector f € X can be written f =3 - . ¢,(f) £ for a unique choice
of scalars e,(f). In this terminology, an orthonormal sequence is complete if
and only if it is a Schauder basis. However, it is important to emphasize that,
in general, an arbitrary complete sequence need not be a Schauder basis (see
Exercise A.76 or Problem A.21).

We have been considering eountable orthonormal bases. By Problem A.20,
any Hilbert space that has a countable orthonormal basis must be separable.
Conversely, Zorn’s Lemma can be used to prove that every separable Hilbert
space has an orthonormal basis (see Problem A.23). We show explicitly in
Theorem 1.112 that {e*™"*}, 5 forms an orthonormal basis for L?[0,1).

The results of this section can be extended to uncountable orthenormal
sequences in nonseparable Hilbert spaces, but then one should be extremely
careful regarding the use of the terminology “basis,” as in much of the Banach
space literature, the terminology “basis” is réserved for a countable sequence
that forms a Schauder basis. We summarize without proof the results that
hold for uncountable orthonermal sequences.

Theorem A.98. Let H be a Hilbert space and let I be an index set. If {e;}icr
is an orthonormal set in H, then the following statements hold.

(a) If f € H then (f,e;) # 0 for at most countobly many i ¢ I.

(b) For each f € H, 3_..; [{f,e}f < ”f}|2
(c) For each f € H, ), .; {f,e:) es converges with respect to the net of finite
subsets of I.

Theorem A.99., Let {Ei}iéj be an orthonormal set in o Hilbert space H.
Then the following statements are equivalent.

(a) {e; }ier is complete.
(b) For each f € H, f =} ,c; {f,e:) e; with respect to the net of finite subsets
of I.

(¢) For each f € H, | f|I? =Y er [{f e

Note that, because of orthogonality, the series that appear in both The-
orems A.98 and A.99 contain only countably many nonzero terms. If we re-
~-strict to just-those countably many nonzero terms, then, in the la.nguage of
Section A.11, the series converge unconditionally.
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Example 5.6 (Fourier Series). Now we give one of the most important examples of an
orthonormal basis.

We saw in Exercise 2.2 that if we define e,(z) = €*® then {e,}nez is an orthonormal
sequence in L?[0, 1] (the space of square-integrable complex valued functions on the domain
[0, 1], or we can consider these functions to be 1-periodic functions on the domain R).

It is a fact that {e,}ncz is actually complete in L%[0, 1] and hence is an orthonormal basis
for L*{0,1]. The Fourier coefficients of f € L?[0,1] are

fn) = (f en) f flz) e 2mr= dy, nez.

By Theorem 4.17, we have

f=Y (fren) Zf(n (5.1)

neEZ ner

(the series converges unconditionally, so it does not matter what ordering of the index set Z
that we use to sum with). Equation 5.1 is called the Fourier series of f.

However, note that the series in 5.1 converges in the norm of the Hilbert space, ie., in
L%norm. That is, the partial sums converge in L%norm, i.e.,

N
li H - f n = Y
dim || f n;Nf(n)e , =0
or,
: 27r'mﬂ: _
Ju [ -3 for =0

n=—N
We cannot conclude from this that the equality

— Zf(n) e21r'£mt:
. neZ
holds pointwise. In fact, one of the deepest results of Fourier series is the Carleson—Hunt
Theorem, which proves the conjecture of Lusin that if f € L?[0, 1] where 1 < p < oo, then
the Fourier series of f converges to f a.e.

Exercise 5.7. Show that the mapping F: L2[0, 1] — £2(Z) given by F(f) = f = {f(n) }nez
is exactly the isomorphism constructed by Theorem 5.5 for the case H; = L?[0,1] and
H, = £2(Z). The operator F is the Fourier transform for the circle (thinking of functions in
- L2[0,1] as being 1-periodic, the domain [0, 1] is topologically a circle):

Exercise 5.8. Prove the following {easy) special case of the Riemann—Lebesgue Lemma: If
f € L?[0,1] then f(n) — 0 as |n| — oc. The full Riemann-Lebesgue Lemma for the circle
states the same conclusion holds if we only assume that f e L0, 1].
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Definition 5.9. In honor of Fourier series, if {e, }ner is any orthonormal basis of a separable
Hilbert space H, then {({f, es) }ner is the sequence of (generalized) Fourier coefficients of f
and f =" _/{f en)en is the (generalized) Fourier series of f.

Exercise 5.10. The Plancherel formula with respect to the orthonormal basis {e, }neg for

L0, 1] is
17115 = D 1f )

nch
Use the Plancherel formula to derive a formula for 7 by applying it to the function f =

X[o,1/2) — X[1/2,1)-
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Additional Problems

A.24. We say that a sequence { £, }nen in a Hilbert space H is w-independent
if there do not exist scalars ¢,, not all zero, such that Z:f:o CnTn = 0, where
the series converges in the norm of H. '

(a) Show tha.t_ every Schauder basis for H is complete and w-independent.
(b) Let a, 8 € C be fixed nonzero scalars such that [%, > 1. Define

zo = (1,0,0,0,...),
(a‘lﬁio}oi"')!
(0,@,,8,0,...),

T3

2

etc. Prove that {zx}i>0 is complete and finitely linearly independent in £2,
but is not w-independent and therefore is not a Schauder basis for £2.

A.25. Let {fa}nen be a sequence in a Hilbert space H. Prove that the fol-
lowing two statements are equivalent.

(a) For each m € N we have f,, ¢ span{ Fntnstm (We say that such a
sequence is minimal).

{b) There exists a sequence {gn}nen in H such that ( Fmy On) = 8y for
all m, n € N (we say that sequences {fa}nen and {gn}nen satisfying this
property are biorthogonal). :
Show further that, in case these hold, the sequence {@n }nen is unique if and
only if {fy,}nen is complete.

A.26. Formulate the Gram-Schmidt orthogonalization procedure in an arbi-
trary inner product space, and use it to show that any infinite-dimensional
inner product space contains an infinite orthonormal sequence {e, fnen.

A.27. Let H be an infinite-dimensional Hilbert space. Show that there exists
a series Yo, fn in H that converges unconditionally but not absolutely.

A.28. Use Zorn’s Lemma to show that every Hilbert space has a complete
orthonormal subset. In particular, every separable Hilbert space therefore has
an orthonormal basis. )
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Solutions 341

A.28 Solution sketch. Let S={SC H: S is orthonormal}, i.e., § is the set
of all orthonormal subsets of H. Inclusion of sets is a partial order on S.

Suppose that C = {S;}ics is a chain in H, i.e., for each i, § € T we have
either §; C S; or S; C S;. Define § = U7 S;. Show that S is itself an
orthonormal set. Since S; C S for every i € I, this says that S is an upper
bound for the chain C.

Zorn’s Lemma says that, given a partially ordered set, if every chain has
an upper bound, then the set has a maximal element. Therefore, § must have
a maximal element, i.e., there exists some orthonormal set T' € S which has
the property that-if $ € & and S is comparable to T (Le., either S C T or
T C 8), then we must have S C T.

We claim now that T is a complete orthonormal subset of H. If T was not
complete, then 5pan (1) would be a proper subset of H, and hence there would
exist some nonzero f € span(7)'. By rescaling, we may assume [If]l = 1. But
then 7' = T'U {f} is orthonormal and T ¢ 7", contradicting the fact that T
is a maximal element of &. Hence T must be complete.




