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A.12 Orthogonality

In this section we review some of the special properties of inner product spaces,
especially in relation to orthogonality.

Definition A.83. Let I be an inner product space, and let J be an arbitrary
index set.

(a) Vectors f, g € H are orthogonal, denoted f | g, if {f,g) = 0.
(b) A collection of vectors {f; }icr is orthogonal if {f;, f;) = 0 whenever i £ 7.

(c) A collection of vectors {f;}ics is orthonormal if it is orthogonal and each
vector is a unit vector, i.e.,

1, i=j
o fi) = G o= {0 ’
(f f J) 7 { 0’ i ?é ]
For example, the standard basis is an orthonormal sequence in £2.
The first important property of orthogonal vectors is the Pythagorean The-
orem.

Exercise A.84 (Pythagorean Theorem). Show thatif fi,..., f, € H are

orthogonal, then
n o n
[ a]" = s
k=1 k=1

The existence of the notion of orthogonality gives inner product spaces
a much “simpler” structure than general Banach spaces. We will derive be-
low some of the basic properties of inner prodict spaces, most of which are
straightforward consequences of orthogonality. Some (but not all} of these re-
sults have analogues for general Banach spaces. However, even for the results
that do have analogues, the corresponding proofs in the non—Hﬂbert space are
usually much more coniplicated or are nonconstructive.

A useful notion in a Hilbert space is the orthogonal direct sum of subspaces.

Definition A.85 (Orthogonal Direct Sum). Let M, N be closed sub-
spaces of a Hilbert space H.

(a) The direct sum of M and N is
| M+N = {f+g:feM,gecN}).

{b) We say that M and N are orthogonal subspaces, denoted M L N,if f 1L ¢
for every f € M and g € .

( Y I M, N are orthogonal subspaces in H, then we call their direct sum the
: orthogonal direct sum of M and N, and denote it by M & N.

Exercise A.86. Show that if M, N are closed, orthogonal subspaces of H,
then M ® N is a closed subspace of H.
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Definition A.87. Let X be a normed linear space and let A C H. The dis-
" tance from a point f ¢ H to the set A is

dist(f, 4) = mf{||f — gl : g € A}.

A useful property is that given any closed convex subset K of a Hilbert
space H and given any z € H, there is a unique point in K that is closest
to x.

Theorem A.88 (Closest Point Property). If H is o Hilbert space and K
is a nonempty closed, convex subset of H, then given any h € H there exists
a unique point ko € K that is closest to h. That s, there is a unique point
ko € K such that :

lh — ko|| = dist(h,K) = inf{||h—k||: k€ K}.

Proof. Set d = dist(h, K) = inf{||h — k|| : & € K}. By definition, there exist
kn € K such that |h — k,|| — d, and furthermore we have d < |h — k|| for
each n. Therefore, if we fix any £ > 0 then we can find an N such that

n>N = d<|h-k|?<d®+e%
By the Parallelogram Law {Exercise A.27),
[(h=kn) = (h=Ekm)|? + [ (h=kn) + (A=K )* = 2 (A= kall® + [ —En]|?).

Hence,

I

”km;anQ i"(h~kn)—(h—km)”2

I T G Ll 2

2 2

However, -@m‘{-’ﬁﬁ € K since K is convex, so |k — Eﬂ‘zﬂﬂn > d. Also, if m,
n > N then |jh — k.]|%, |k — km|/?2 < d2 + 2. Therefore,

ki + kn
2

|-

d? = 2.

“km —kn”? < a2+ 2 + d? + g2 3
2 - 2 2

So, {|km — knl| < 2¢ for all m, 7 > N, which says that the sequence {k,}ren

is Cauchy. Since H is complete, this sequence must converge, i.e., k, — kg for

some ko € H. But &, € K for all n and K is closed, so we must have kg € K.

Since h — k,, — h — kg, we have

= ko] = lim b~k = d,

and thus |k — ko|| < ||k — k|| for every k € K. Thus ko is a closest point in K
to h, and we leave as an exercise the task of proving that &g is unique. O
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Applying the closest point theorem to the particular case of closed sub-
spaces gives us the existence of orthogonal projections in a Hilbert space.

Theorem A.89. Let M be a closed subspace of a Hilbert space H. If h € H,
then the following statements are equivalent.

(a) h = p+ e where p is the (unique) point in M closest to h.
(b) h=p+ewherepe M ande L M (ie, e L f for every f € M).
Proof. (a) = (b). Let p be the (unique) point in M closest to h, and let

e = p— h. Choose any f € M. We must show that (f,e) = 0. Since M is a
subspace, p+ Af € M for any scalar X € €. Hence,

IB=pl* < A= @+II? = l(h—p) = 2f|?
= [lh—plI* = 2Re ({(Af, A — p)) + AP || £
= [[h—pl® —2Re (\{f, &) + A* |1 £1.

Therefore,
VAEC, 2Re(Xf,e)) < PP

If we consider A = ¢ > 0, then we can divide through by ¢ to get
¥i>0, 2Re({f.e) < t]f|*

Letting ¢ — 0%, we conclude that Re ({f,€)) < 0. Similarly, taking A =¢ < 0
and letting ¢ — 07, we obtain Re ((f,e}) > 0, so Re ({f,e)) = 0.

Finally, by taking A = ¢ with £ > 0 and then A = it with ¢ < 0, it follows
similarly that Im ({f,e)) = 0.

(b) = (a). Exercise: Apply the Pythagorean Theorem. 0O

Definition A.90 (Orthogonal Projection). Let M be a closed subspace
of a Hilbert space H. For each h € H, the point p € M closest to H is called
the orthogonal projection of h onto M.

Definition A.91 (Orthogonal Complement). Let A be a subset (not nec-
essarily a subspace) of a Hilbert space H. The orthogonal complement of A is

At = {feH: f1LA} = {feH:{f,g)=0forall gc A).

In the terminology of orthogonal complements, a vector p is the orthogonal
projection of f onto a closed subspace M if and only if f = p+ewherepc M
and e € M,

Exercise A.92. Show that if A is an arbitrary subset of a Hilbert space H,
then Al is always a closed subspace of H (even if A is not), and (41)* =
span(A). - :
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In particular, if M is a closed subspace of a Hilbert space H then we have
(ML)t = M. Further, H is the orthogonal direct sum of M and M*:

H=MeM"

The next exercise will allow us to give a useful equivalent formulation of
completeness of a sequence in a Hilbert space.

Exercise A.95. Let A be a subset of a Hilbert space H. Show that A is
complete if and only if 41 = {0}, ie., the only vector orthogonal to every
. element of A is the zero vector. '




