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A.5 Inner Products

While a norm on a vector space provides a notion of the length of a vector,
an inner product additionally provides us with a notion of the angle between

vectors.

Definition A.23 {(Semi-Inner Product, Inner Product). If H is a vector
space over the complex field C, then a semi-inner product on H is a function
(-,-y: Hx H — Csuch that for all f, g, h € H and scalars o, § € C we have:

(@) (£, 20

(b) (£, 9) = (g, f),

(c) Linearity in the first variable: (af + Bg, h) = olf, h) + Blg, h}-
Ifa semi-inner product {-,-) also satisfies:

() {f,f) =0if and only if f =0,

then it is called an inner product on H. In this case, H is called a inner product
space or a pre-Hilbert space.

Semi-inner products are known by many names. For example, a semi-
inner product is sometimes called a positive Hermitian form on H (compare
Problem A.10). There are many different standard notations for semi-inner
products, including [f, g}, (f,9). ot {f|g), in addition to our preferred notation

(fr9-

Exercise A.24.If {,.) is a semi-inner product on a vector space H, show
that the following statements hold.
(a) Auntilinearity in the second variable: (f, ag + Bh) = &l{f,g) + B{F. k).
(b) (f,0>=0=(0,f)._ ‘
(C) (0?0) =0.

A function of two variables that is linear in the first variable and antilinear
(also called conjugate linear) in the second variable conjugate Linear function
is referred to as a sesquilinear form. Thus each semi-inner product {-,-} is an

example of a sesquilinear form. The prefix “sesqui-” means “one and a half.”
The next exercise gives the prototypical example of an inner product.’

Exercise A.25. If [ is a finite or countably infinite index set, show that

((Sck)ker, (%)kef) =) T

kel

defines an inner product on £2(I).
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Every subspace S of an inner product space H is itself an inner product
space (using the inner product on H restricted to §).

Our next goal is to show that every semi-inner product induces a seminorm
on H, and every inner product induces a norm.

‘Notation A.26. If (-,-) is a semi-inner product on a vector space H, then we
write

Il = (£, HY?, fel

Prejudicing the issue, we refer to || - || as the seménorm induced by {

R ')2 and
if {-,-} is an inner product, then we call || - || the norm induced by (-, ).

Before showing that || -|| actually is a seminorm (or norm), we derive some
of its basic properties.

Exercise A.27. Given a semi-inner product {-,-) on a vector space H, show
that the following statements hold for all f, g € H.
(a) Polar Identity: ||f + g[|* = | /||* + 2Re{f, 9} + lgl*.
(b) Parallelogram Law: || + g + ||/ — glI* = 2(I fII* + [lg]l*).

Now we prove an important inequality; this should be compared to
Hélder’s Inequality (Theorem A.17) for the particular case p = 2. This in-

equality is variously known as the Schwarz, Cauchy-Schwarz, or Cauchy-
Bunyakowski-Schwarz Inequalily.

Theorem A.28 (Cauchy-Bunyakowski-Schwarz Inequality). If (-}
is o semi-inner product on o vector space H, then

vig.eH, |(f,al < IFllal-

Proof. If f =0 or g = 0 then there is nothing to prove, so suppose both are
nonzero. Write (f,g) = a|{f,g)| where @ € C and |o| = 1. Then for £ € R we
have by the Polar Identity that

0 < {|f—otgl® = |IfI> —2Reat(f,9) + " |g}®
= |IFI” - 2 1{f, 901 + ¢ gl

This is a real-valued quadratic polynomial in the variable t. In order for it
to be nonnegative, it can have at most one real root. This requires that the
diseriminant be at most zero, so :

(=2{(f, ) — 4l Nal® < 0.
The desired inequality then follows upon rearranging. 0O

.~ When (f,g) = 0, we say that f and g are orthogonal. More details on
orthogonality appear in Section A.12.
" Fipally, the Cauchy-Bunyakowski-Schwarz Inequality can be used to show
that || - || is indeed a ‘seminorm or norm on H.
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Exercise A.29. Given a semi-inner product (-,-) on a vector space H, show

that || - | is a seminorm on H, and that if (-,-) is an inner product then -1
is a norm on H.




454 Detailed Sclutions

A.29 The only property that is not obvious is the Triangle Inequality. For
this, note that by the Polar Identity and the Cauchy-Bunyakowski-Schwarz
Tnequality, we have

If +gl? = (f+9,/+9) = IIfI*+2Re(f,0) +lloll*
1712+ 21(F, 9] + lgl?
1717+ 210171 gl + llgll®

(£ + lglh)®.

IA

IA
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Thus, all inner product spaces are normed linear spaces, and hence we can
use all the notions of convergence introduced in earlier sections. On the other
hand, the following exercise shows that given an arbitrary normed space, there
need not be an inner product on the space that induces that norm.

Exercise A.30. Let I be a finite or countably infinite index set containing at
least two elements. Show that if 1 < p < oo with p # 2, then || - ||, does not
satisfy the Parallelogram Law. Therefore, there is no inner product on ¢*(I)
whose induced norm is || - || .

On the other hand, it is certainly possible for £7(7) to be an inner product
space with respect to some inner product. For example, if T is finite or if p < 2,
then #2(I) C £2(1), so in this case £P(]) is an inner product space with respect
to the inner product on #2(I) restricted to the subspace #7(I). However, but
the norm induced from this inner product is |} - ||2 and not || - ||, Further, if J
is infinite then £#(I) is not complete with respect to the induced norm || - ||a,
whereas it is complete with respect to the norm |} - |,

Definition A.31 (Hilbert Space). An inner product space H is called a
Hilbert space if it is complete with respect to the induced norm, i.e., if every
Cauchy sequence is convergent.

Thus, a Hilbert space is an inner product that is a Banach space with
respect to the induced norm, or, in other words, it is a complete inner product

space. In particular, £2(I) is a Hilbert space.
Ano@u’ ex

Additional Problems

A .10. Show that {-,-) is an inner product on C? if and only if there exists a
positive definite matrix A such that {(z,y) = Az y, where x -y = 1%, +--- +
z4%, denotes the usual dot product on C¢.

A.11. Continuity of the inner product: Show that if H is an inner product
space and fn — f, gn — g in H, then (fn, gn) — (£, g}

A.12.Let H be an inner product space. Show that if the series S Sa
converges in H, then for any g € H,

(St = 3 (G
n=1 n=1

Note that this is not merely a consequence of the linearity of the inner product
in the first variable — the continuity of the inner product is also needed.

A.13. Show that equality holds in the Cauchy—Bunyakowski-Schwarz In-
equality if and only if there exist scalars o, # € C, not both zero, such that
lef + Bgl| = 0. In particular, if || - || is a norm, then either f = cg or g = cf
for some scalar c.

5 L3 (F)
o £<IR
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A.14. Suppose that X is a Banach space whose norm || - || satisfies the Par-
allelogram Law. Prove that

(.9) = 7 (15 +1 = 1f = gl +ilf +igl — £ — igl?)

is an inner product on X, and the original norm | - || is the induced norm,

Le, |flI? = (f, f) for every f € X.

A.15. Justify the following statement: The angle between two vectors f, g in
a Hilbert space H is the value of § that satisfies Re (f, g} = || f|| {lg]| cos®.




