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B.6 The L? Spaces

See JSO Seedioa 6.1 in

(X, 53

In this section we introduce and examine the spaces LP{E), which are Banach
spaces for 1 < p < oo, and complete metric spaces for 0 < p < 1.

B.6.1 Norm and Completeness
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Definition B.43 (Integrable Function). Let E C R? be measurable. Then
a measurable function f on E (either extended real-valued or complex-valued)
is integrable on E if [ |f] < co.
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Note that any integrable function must be finite almost everywhere.

r Definition B.44. Let £ C R? be measurable.

(a) If 0 < p < oo, then LP(E) consists of all measurable functions f: £ — C
such that |f|? is integrable, i.e.,

1 = ([ |f|P)1/p < .

(b) For p = oo, the space L°°(F) consists of all those measurable functions
f: E — C for which |f| is essentially bounded, i.e.,
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We refer to LP(R) for p < oo as the Lebesgue space of p-integrable func-
tions, and to L°°(R) as the Lebesgue space of essentially bounded functions.

The proof of Hilder’s Inequality for £7, given in Theorem A.17, carries over
to LP(E) (we use the notation for the dual index p’ introduced in Section A.1}.

Exercise B.45 (Hélder’s Inequality). Let E C R be measurable, and fix
1<p<oo If fe LP(E) and g € L7 (E) then fg € L'(E), and

Ilfalls < U1l llgll-

For 1 < p < o0, this inequality is

[ s ([ |f|p>1/p ([ lgl”')upf-

Similarly to Problem A.9, equality holds in Hélder’s Inequality if and only
if there exist scalars &, 8, not both zero, such that a | f(2)|® = 8 lg(@)P" a.e.

In Exercise A.18 we saw that the ¥ spaces are Banach spacesforp > 1. An
analogous result holds for LP(E), but the fact that [ |f|¥ = 0 only implies
that f = 0 a.e. adds the technical complication that || - ||, is only a seminorm
and not a norm on LP(E}. We will deal with this issue now.
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Exercise B.46. If E C R* be measurable and 1 < p < oo, then || - ||, is a
seminorm on LP(E).

The triangle inequality on LP is also known as Minkowski’s Inequality.

Unfortunately, if E is any set of measure zero then |[Xz{|, = 0 even though
Xg is not the zero function. On the other hand, Xg = 0 a.e., which suggests
that when dealing with the LP spaces we may not wish to distinguish be-
tween functions that are equal almost everywhere. Indeed, the next exercise is
the standard procedure for “converting” a seminorm into a norm by forming
equivalence classes.

Exercise B.47. Show that the relation f ~ ¢ if f = g a.e. is an equivalence
relation on LP(E). Let f denote the equivalence class of f in LP(E) under
‘this relation, and set || f|], = || f]|,. Show that this quantity is independent of

the choice of representative f. Let the quotient space EI"(E} consist of all the
distinct equivalence classes of f € L2(E), i.e.,

Ir(B) = {f:feLP(E)}.
Show that LP(E) is a normed space with respect to || - Il

Typically we abuse notation and let the symbol f denote the equi\}a,lence

class f of all functions equal to f a.e., and we write LP{E) instead of EI"(E)
 In other words, we identify any two functions that are equal a.e. Adopting this
convention, the completeness of the LP spaces can be proved. We state this
here, and assign the proof as an exercise In the next section (see Exercise B.61).

Theorem B.48. Let E C R¢ be measurable.

() If 1 < p < oo, then || - ||, 4s @ norm on LP(E), and-LP(E) is o Banach
space with respect to this norm.

(b) If0 < p <1, then d(f,g) = || f — gil§ is @ meiric on LP(E), and L*(E) is
complete with respect to this metric.
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484 Detailed Solutions

B.61 Assume that 0 < p < oo and that {f,}nen is a Cauchy sequence in

LP(E). Similarly to Exercise B.60, it follows from Tchebyshev’s Tnequality that

{fn}nen is Cauchy in measure. Theorem B.29 therefore implies that there ex-

ists a measurable function f on F such that f, = f. Hence, by Thecrem B.28,

there exist f,, such that f,, (z) — f(z) for a.e. z € E. -
Choose £ > 0. Then there exists an N such that

k>N = |fo, — fall} < e

Fix j > N. Since fn,(z) — f(x) pointwise a.e., we have by Fatou’s Lemma
that )

15 =l < Jim [ 1foy(@) = )P de < =

Hence ||filp < |f ~ facllp + [ Fnellp < o0, 50 f € LP(E) and furthermore
frw — fin LP(E). Thus, {f,}nen is a Cauchy sequence that has a subsequence
that converges to f, so by Problem A.1 we know that fa— fin LP(E).

Now consider the case p = co. Assume {fn}nen is a Cauchy sequence in
LP(E). For each m, n € N, set

Zin = {2 € Bt |fm(2) — fa(2)] > | fm — fulloc}-
Then Z = Uy, n Zmn has measure zero. For each z € E\Z, we have

|fm($) - fn($)| < ”fm - fﬂ”OO1

50 {fn(Z)}nen is a Cauchy sequence of scalars. This sequence therefore con-
verges, so for z € E\Z define f(x) = lim,—oo fu(z). Since each £, is measur-
able and since |Z| = 0, it follows from Exercise B.23 that f is measurable.

- Now choose & > 0. Then there exists an N such that || f;, — Jalloo < e for
all m, n > N. Hence for any = € E\Z, we have

1@ = @] = i lfn@) = Fo@) < Jia Mo Fullo < €

Since this is true for all  in F except for a set of measure zero, we conclude
that [|f — fulleo < & for all n > N. As before, this implies 7 € L°°(E) and
Jn — fin L®(E). ‘ '

Alternative proof for 1 < p < oa. Suppose that {f,}nen is an absolutely
convergence series in LP(R), say

B = 3 |fallp < oo
" =1

Set

N o
on(@) = D fal@)  and  g(z) = Y |fu(a).
n=1 ) =1
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B.6.2 On Abuses of Notation

Ignoring the distinction between a function and the equivalence class of func-
_tions that are equal to it a.e. is not usually a problem, but on occasion
some care needs to be taken, as when dealing with a continuous function.
Every function in Cu{(R) is continuous and bounded. Therefore we write
Cy(R) € L*(R), but in doing so we are really identifying Cp(R) with its
image in L>°(R) under the equivalence relation ~, ie., if f € Cp(R) then it
determines an equivalence class f of functions in L®(R) that are equal to it
almost everywhere. Conversely, if we are given f € L*(R) (really an equiva-

lence class fof functions), then the statement f € Cp(R) means that there is
a representative of this equivalence class that belongs to Ch(R).

Note that the two statements “f is continuous a.e.” and “f equals a con-
tinuous function a.e.” are distinct. The first means that lim, .. f{y) = f(z)
for almost every z, while the second means that there exists a continuous
function g such that f(z} = g{z) for almost every = (see Problem B.7).

Exercise B.50. Show that if f € Cy(R), then
esssup | f(z}| = sup|f(z)|
z€ER z€R

Consequently, for continuous bounded functions, the uniform norm defined in
Exercise A.21 coincides with the L%-norm defined above.

Another place where the fact that elements of LP(E) are equivalence classes
must be taken into account is when discussing the support of a function in
L?(E). For example, Xg is one representative of the zero function in L? (R),
vet the support of Xg is the entire real line. Unfortunately, the support of a
" function depends very much on the choice of representative. Still, it is such a
convenient concept that we usually abuse notation and apply support termi-
nology to elements of LP{E). For example, we write “f has compact support”
with the understanding that this means that some representative of f has
compact support, or, in other words, there is a compact set K such that
f{z) = 0 for almost every z ¢ K.

Exercise B.51. Suppose that T C R is closed. Show that if we follow the
convention given above, then

supp(f) CT <+ f(z)=0forae xz¢T.




202 B Lebesgue Measure and Integral .

| The space L?(E) is special. As before, we consider elements of L*(E) to
be equivalence classes of functions that are equal almost everywhere.

Exercise B.49. If E C B9 is measurable, show that
(ra) = [ 1)o@ de

defines an inner product on L?(FE), and L2(FE) is a Hilbert space with respect
to this inner product.
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B.6.3 Local Integrability Lo wor't need ﬂu‘s Vory Mmuc

We introduce one final space in this section. This space is not a Banach space,
but it is very useful when we only need to consider integrability at a “local”
level.

Definition B.52 (Locally Integrable Functions). locally integrable func-
tion The space of locally integrable functions on R? is

L (R%) = {f: R = C: f-Xg € L}R) for every compact K C Rd}.

functionllocally integrable ,

As we do for the LP spaces, we regard the elements of L], (R} as being
equivalence classes of functions that are equal almost everywhere. L, (R} is
not a Banach space, but it is a good example of a topological vector space
whose topology is defined by an infinite family of seminorms, see Example E.5
in the Appendices.

We can likewise define LT

IPR) ¢ Li (R) G Li(R), 1<p<oo.

(R}. Note that

Ll .(R) contains many functions that do not belong to any L?(R). For exam-

ple, every polynomial belongs to Ll (R), as does s

Vot
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Additional Problems
B.9. Show that Co(R})\LYR) # @, and (L (R} N C(R)N\Ci(R) # 0.

o—————=3 B.10. Show that if |E| < oo and 0 < p < ¢ < oo, then LI(E) C LP(E). In
contrast, show that LP(R) is not contained in LY(R) for any p and ¢. e

B.11. Show that equality holds in Hélder’s Inequality (Exercise B.45) if and
only if there exist scalars «, 8, not both zero, such that a|f[? = 3| g|P' a.e.

H &.. ¥ $mrall gpa.c.z"'

B.12. Prove that if |E| < oo, then ||fli; — || fllcc a5 p — o0.

M ;‘ncﬁu.sf()n_( g)lu.h /EI
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B.13.Given 1 € p < ¢ < o0, show that LP(R) N LY(R) is a Banach space
under the norm || f|| = [|f|l» + || filq- Further, if 1 < p < r < ¢ < co then we
have LP(R) N LA(R) C L"(R}, and if r < oo then LP(R) N L(R) is dense in
L™ (R).

L%(FY

B.14. Given 1 < p < g < oo, show that
LPR)+ L(R) = {f+g:f € L(R),g € LU (R)}
is a Banach space under the norm

Il = inf{llgllp + |Bll¢ : f = g+ h with g € L*(R), h € L2 (R)}.

han 1€) <29,

Further, if 1 < p < r < g < co then we have L"(R) C LP(R) + L¢(R).

‘B.15. Define ¢, (z) = €?™*, Show that {e,}nez is an orthonormal sequence
in L2[0, 1]. -

Remark: It is shown in Section 1.11 that this this sequence is complete in
L?[0,1), and hence forms an orthonormal basis for L2[0,1].
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B.16. Generalize Holder’s Inequality to the case of more than two functions.
- Showthatif;—l+---+ﬁ =1land f;e LPi(R) fori=1,...,k,then f1--- fx €
LR} and
Ifr-Felln < Wfallen - Il

Roblom.  Show Dot & 62p<®l
'dmn ////P Joes not 604?1% ﬁ T*Zayé.fmiuaﬂrﬂ‘)
on LP[-OJ.lj.

Pr‘oLQw- x%e [Plon for o bot o’
X% ¢ LP(),qo) O whor o ?




400 Detailed Solutions

Since these are nonnegative series, they converge pointwise to a value in [0, co].
By the Triangle Inequality, for each IV we have

N
lonlle < ) lifalls < B
n=1
Since |gn [P /" |9/|?, we have by the Monotone Convergence Theorem that

lollg = [lgP = Jim [lowl = Jim llonl} < B

Therefore g € LP(R). By Fubini’s Theorem, it follows that the series
oo
fl@) = Y fal2)
n=1

converges pointwise a.e. Since |f| < g, we have f € LP(R). Also, if we set

N
hnie) = 3 fale),
n=l

then hy — f pointwise a.e., and
If —hwlP < (f1+hn])’ < (g+9n) < (20)" € L'R).

Therefore Ay — f in LP(R) by the Lebesgue Dominated Convergence Theo-
rem. But this exactly says that f =5 - ; fn converges in L?(R). Hence every
absolutely convergent series in LP(R) is convergent, and therefore LP(R) is
complete.
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B.10 Hint: To show LP(E) € LY(E) when |E| < oo and p < ¢, apply Holder’s
Inequality to [ |f|? - 1 using exponents ¢/p and (g/p)’.

To show that LP(R) is never contained in L(R), consider functions of the
form % - X(p,1y(x} or % - X(1,00)(x).

Solutions 347

B.13 Hint: To show the inclusion, define s = g—:g and t = Eﬁ, and observe
that %+%=1and Eyi=r
B.14 Hint: To show completeness, suppose that ¥ f,, is an absolutely con-
vergent series in the norm || - [|. Then there exist g, € LP(R) and h, € L¢(R)
such that fr = gn + hn and ||gallp + [|Rally < 27" Use the completeness of
LP(R) to show that g = 3 gn converges in LP-norm, and similarly h = % h,
converges in L%-norm.

For the inclusion, given f € L"(R), consider ¢ = f - X{|fl>1) and b =
F-Xqg<y- \




