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A.4.2 Some Spaces of Continuous and Differentiable Functions

We now give some additional examples of Banach and normed spaces, and
many more appear throughout this volume. Continuity is defined precisely in
Section A.7.2 below.

Definition A.20. The support of a function f: B — C ig the closure of the
set of points where f is nonzero:

supp(f).= {zeR: fz) #0}

Since the support of a function is a closed set, a function on R has compact
support if and only if it is zero outside of a finite interval.

Exercise A.21. Let C;(R) denote the space of continuous, bounded functions
f: R — C. Show that Cy(R) is a Banach space with respect to the uniform _
norm

[ filoo = sup|f(z}.
teR

Furthermore, show that the subspace

Co®) = {f € Co(R) : A f(2) = 0}
is also a Banach space with respect to the uniform norm, but the subspace

Co(R) = {f € Co(R) : supp(f) is compact} (A.3)

is a normed space that is not a Banach space under the uniform norm (compare
Exercise A.62).

Beware, some authors use the symbols Cy to denote the space that we
refer to as C..
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A.21 {a} The fact that C3(R) is a vector space and that || - || is 2 norm on

 Cp(R) is clear, so we only need to show completeness.

Suppose that {fr}nen is a Cauchy sequence in C,(IR) with respect to the
uniform norm. Then for each z, we have

lfm(z)_fn(m)i < ”fm*fn”oo)

50 {Jfin{7)}nen is a Cauchy sequence of scalars, and hence converges. Define
F(z) = limy oo folz).

Now choose € > 0. Then there exists an N such that || fm — faljeo < € for
all m, n > N. Fix n > N. For each M > 0 we have

@)~ Fal@)] = @) = fal@)] < I~ Falls < &,

50 |f = fulloo < & for all n> N. Ako, [|flleo < If — falloo + Iallcer 50 £ is
bounded. Finally, the uniform limit of continuous functions is continuous, so
J € Cy(R) and fr, — f uniformly. This shows that C,(R) is complete.

(b) The fact that Cp(R) is a normed space is also clear. Suppose that
{fa}nen is Cauchy in Co(R). Then it is Cauchy in C,(R}), so by part (a) there

f e Co(R). . .

" Fix any € > 0. Then there exists an N > 0 such that [[f — fu]leo < & for
all n > N. In particular, ||f — farllco < €. Now, since fy € Cp(R), there exists
an R > 0 such that |fnx(x)| < £ for all |z| > R. Hence for |z| > R we have

|f(&)| < |f(z)— Fn(@) + |fn(z)] € ede = 2e
Thus f(z) — 0 as |z| — o0, so f € Cp(R), and therefore Co(R) is complete.

(c) Again the fact that C.(R) is a normed space is clear. To show that
C.(R) is not complete, choose a function like g(t) = e~ in Co(R) that is
nonzero everywhere. Then define

g(z), Izl <N,
on(@) = {linear, N <lo| < N+1,
0, |z| > N + 1.

Each gy belongs to C.(R), and gy — g uniformly. Hence {gny }nen is Cauchy
with respect to the uniform norm. However, gy does not converge to a function
in C(R), so C.(R) is not complete.

exists—an—f-&-C5(R)-such-that—f——funiformly—We need-only show that——
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Exercise A.22. Let C*(R) be the space of all m-times differentiable func-
tions on R each of whose derivatives is bounded and continuous, i.e.,

CMR) = {feGR): £, 1., f™ € CL(R)}.

Show that C;*(R) is a Banach space with respect to the norm

Iflleg = 17 lleo + 1 lloo + =+ 1 e
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A.22 Let us show that C}(R) is complete. Suppose that {f, }nen is a Cauchy
sequence in Ci(R). Then {fn}nen is Cauchy in Cy(R), so there exists an
f € Cy(R) such that f, — f uniformly. Additionally, by definition of C}(R),
we know that

o = Falleo < fm = falloo + /i = falleo = 1lfm — fulicy

50 { f} }nen is Cauchy with respect to the uniform norm. That is, {f] }nenisa
Cauchy sequence in Cp(R). Since Cp(R) is complete, there exists a g € Cy(R)
such that f/, — g uniformly. So, the remaining point is to show that g = f’,
for then we will have that f, — f in the norm of C}(R). This is a standard
undergraduate real analysis theorem.

To see it, fix any = € R and any £ > 0. Then there exists an N > 0
such that || f], — fillec < & whenever m, n > N. Consider any y ¢ R and m,
n > N. Applying the Mean-Value Theorem to the function fi, — fn, there
exists a point ¢ (depending on m, n, , and y) between « and y such that

(fm — ) (@) — (fm{2) — F)(@) = (¥~ 2) (Fr, — F2)(0)-

Consequently,
fm(y; i‘m(m fn(y;:in(m) _ |f:n(c) —f,';’(c)l < Elf;n _f?;”m ..

Letting m — oo, we conclude that

‘f fc) _ faly) — fulz)
S

This is valid for any = and y as long as n > N.
Now, since f,, is differentiable, there exists a § > 0 such that

fnly) — f'n (z)

r—yl<d =
=4l =

fale) -

Further, since f, - ¢ uniformly, there exists an M such that ||f, — ¢llec <&
whenever n > M. Hence for n > M, N and |z — y| < § we have

In(y) = fn(2)

S f=) 2 — F(x ' (x) —
o) ~ LT < o) - gy + | o) - LS
fl) = 1ala) _ 1)~ 1(@)
y—z y—zx

' < etete = 3e.

- Hence
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so f is differentiable at x, and f'(z) = g(a). Therefore we conclude that
fo = f in the norm of C}(R), and hence this space is complete,

Repeating this argument yields a proof by induction that Cj*(R) is com-
plete for each m. '
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Although they are not normed spaces, it is sometimes important to con-
sider the space of functions that are continuous or m-times differentiable but
not bounded. We denote these by:

C({R) = {f:R—>C : fis continuous},
C™R) = {feCR) : f.f,....f™ € CR)}.
Additionally, we sometimes need to consider spaces of infinitely differentiable
funections, including the following:
C®R) = {feCR) : f,f, € C(R)},
CP(R) = {feC(R) : . f, - € Co{R)}.
The corresponding subspaces containing only those functions that decay at
infinitely or are compactly supported are denoted by
C(T)H(R) = {f S OO(R) : f1 f’1 v a.f{m) c CU(]R)}
CI'R) = {f€CR) : f,.f,....f™ € C.R)}.
CPR) = {feC(R) : f,f,-- € Co(R)}.

CPR) = {f€C(R) : £, €C(B)}.

The space C°(R) will be especially important to us in Chapter 3 and in
Appendix E. Although not a normed space, it is topological vector space (see
Appendix E)}, and is often denoted by the symbols

D(R) = C=(R).

Its dual space D'(R) is the space of distributions (see Chapter 3).




