(e -Spa.ua

152 A Metrics, Norms, Inner Products, Topology
A.4 Examples of Banach Spaces: ¢7, Gt~

~ In this section we give a few examples of Banach spaces and complete metric
spaces.

A.4.1 The £P Spaces

We begin with the ¢7 spaces on countable index sets. Compare the following
definition with the definition of of LP given later in Definition B.44.

Definition A.16. Let I be a finite or countably infinite index sequence.

(a) If 0 < p < oo, then £7(I) consists of all sequences of scalars & = (x)rez
such that N

1/p
el = lzshserly = (Sla) < oo

(b) For p = oo, the space £7°(1) consists of all sequences of scalars = (z3)ges
such that
lzlioo = ll(zr)rerlloo = suplz| < co.
kel

If I =N, then we write simply ¥ instead of £7(N).
If I = {1,...,d}, then £°(I) = C% and in this case we refer to £7(I) as
“C2 under the % norm,” The #2 norm on C¢ is called the Euclidean norm,

The following inequality is extremely important (recall the definition of
the dual index p’ introduced in Section A.1).

Theorem A.17 (Holder’s Inequality). Let I be o finite or countable index
o oseto-Given 1 <p < oo, if = (wk)rer € L’P(I) and y = (yp)ker € €7(1), then
Ty = (:ckyk)ke, et (I), and

lzylls < llzlp lyllpr-
For 1 < p < oo, this inequality is

Zjﬂﬁkykl < (Zlmklp).l/p (Z iyklp'>1/p’.

kel . Mked kel .

Proof. The cases p = 1 and p = cc are straightforward exercises. Assume
1 < p < co. The key to the proof is a special case of Young’s nequality for
continuous, strictly increasing functions (note that this is a different inequal- g
ity than Young’s Convolution Inequality that is presented in Exercise 1.23).
Namely, because zP~! is continuous and strictly increasing and because y'ﬁi“l
is its inverse function, for all a, b > 0 we have

Nde (%3 ,“...3 e Jf Lor l"'P'




A .4 Examples of Banach Spaces: &F, Oy, Cy, C} 153

/

Wﬂ’ﬂ'. ‘

a

Fig. A.1. Illustration of Young’s Inequality. Area of the vertxcally hatched region
is fﬂ 2P~ 1 dx; area of the hor]zonta.lly hatched region is f 'yP—‘ dy; area of the
rectangle is ab.
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(see the “proof by picture” in Figure A.1, or see Problem A.8).
Consequently, if z & £2(I) and y € £7(I) satisfy ||zl = 1 = ||¥|lp-, then

jzl? mw) 11
T = T + -+ = = 1. A2
levls = 3 ol < 2)( ) - ey (A.2)

kel kel

For general nonzero z, y, we apply (A.2) to the normalized vectors =/||z[,
and y/||y|lp to obtain

S - I
= < 1. O
=l |1l [zllp Il 11
The next exercise shows that if p > 1 then || - ||p is & norm on £2(1).

The Triangle Inequality on £7 {often called Minkowski’s Ineguality) is easy to
prove for p =1 and p = oo, but more difficult for 1 < p < co. A hint for using
Holder’s Inequality to prove Minkowski’s Inequality is given in the solutions
section at the end of the text.

Exercise A.18. Let I be a finite or countable index set. Show that if 1 <p <
oo, then || - || is & norm on £°(I), and £°(J) is a Banach space with respect
to this norm.
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sl —t)g Lth B lf), and therefereBr{fHiseonvers
PFOO'Q - A.18 Fix 1 < p < 00. To show that the Triangle Inequality holds, choose r,
— y € £P(I), and write _

Il

ll= 4+ yi5 Z|$k + P |on + vk

kel

IA

Do le Furl zel D Jme oyl el
kel kel

(Z(Imk + yk|p—1)p’) " (Z Imkl”) l/p.

kel kel

+ (X (e +yk|f°—1)”)w (Z i) v

kel kel

{(r—1}/p 1/p
- (Z 2% +ykip) (Z w)

kel kel

(r—1)/p 1/p
+ (Z |~’5k+’ykip) (Zlykip)
kel

kel

IA

lz+yllp ™ 1zl + 12+ ylE~" Iyl

where we have applied Holder’s Tnequality and used the fact ' = p/(p — 1).
Dividing both sides by ||z + y[|5~" therefore yields ||z + y(lp < |lz|lp + || ¥llp-
To show completeness, fix 0 < p < oo, and suppose that {z,}nen is 4
Cauchy sequence in £F. Write 2, = (2,(1),2,{(2),...). Then for each fixed k
-we have |2y (k) — 2n(k)| < || Zm — Zallpy s0 {Tn{k) }nen is a Cauchy sequence
of scalars. Define z(k) = limy,_, o0 zn (k).
Now choose € > 0. Then there exists an N such that |z, — x|, < € for
all m, n > N. Fix n > N, and consider first the case p < co. For each M > 0

we have

M M

ek —zak)P = lim Y |zp(k)—2a(k)P < lim |zm—za.]2 < &P
m—0o0 =00

k=1 - k=1

Sinee this is true for every M , we conclude that for all n > N we have
o0
Iz ~zally = Y ja(k) —za(B)P < €.
k=1

Consequently, ||z{l, < |z — za||p + ||lznllp < o0, 50 2 € €° and we also have
Tn ~» ¥ in £P. This shows that £° is complete for all p < oo,
For p = oo, we likewise have for n > N and all k € N that




448 Detailed Solutions
|2(k) = za(k)| = lm |zm(k) ~2a(k)] < [lom — 2alleo < e,

80 ||~ @pllee < € for all n > N. As before, it follows that z € £°° and Tp — T

in £°.
g
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On the other hand, if p < 1 then || - ||, fails the Triangle Inequality and &— E)(e.rci&"
hence is not a norm. Still, we can modify the distance function so that #P is
at least a complete metric space, though this metric is not induced by any
norm.

Exercise A.19. Let I be a finite or countably infinite index set. Show that if
0 <p <1, then [[z+yl} < {|2[5+lyl|2. Consequently, £7(I) is a vector space,
and d(z,y) = |z — y|5 is a metric on £2(}. Show that £/(I) is complete with
respect to this metric. However, if I contains more than one element, then the
unit ball B;(0) is not convex, and hence this metric is not induced from any
norm {compare Exercise A.15).

We can also define £7(I) when the index set I is uncountable. In this case,
for p < oo we define £°(I) to be the space of all sequences & = (zx)res With at
most countably many terms nonzero and such that 3 |z < co. With this
definition, #7({) is again a Banach space for 1 < p < 0.
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A.19 Suppose that 0 < p < 1. Let f(t) = (1+£)? and g(¢) = 1 +¢* for ¢ > 0.
Then f(0) =1 = g(0). Also,

- 1 _ 1
fO =20+ = v ad 00 =27 =

Since 0 < 1 —p < 1, we have t177 < (1 +¢)!~P, and therefore
for ¢ > 0. Hence g is increasing faster than f, and therefore f(%)
t > 0. Next, given any e, b > 0, we have

b\* b\P
(a+d) = o? (14=) <o (14(=]) ) = a? 407

Hence, if z, y € £P(1}, then

e+ ol = 3 fen+ el < 3 (2l +lnl?) = I2lZ + Wi,

kel kel

@) < ')
< g(t) for all

This establishes the Triangle Inequality. Completeness fOIIOWs very similarly
to the proof for the case p > 1.
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Additional Problems

A.5. Fix 0 < p < oo. Let {z,, }nen be a sequence of vectors in £2(1), and z a
vector in #P(I). Write the components of z,, and = as zn, = (2n(1),7a(2),...)
and z = (z(1},z(2},...).

(a) Show that if =, — = in £P(]), then z, converges componentunse to z,
i.e., for each fixed k we have limy, . Tn (k) = z(k).

(b) If I is finite then componentwise convergence implies convergence with
respect to the norm || - {|5.

ar

(¢) If I is infinite then componentwise convergence need not imply conver-
gence in the norm of £,(I).

AB. 1 <p<qg<oo, then 7 C £2, and jjz|q < ||zf|p for all z € £7.

To show gtrict inedioion, Cons

A.7. Let I be a finite or countable index set, and let w: I — (0, 00) be fixed.
Given a sequence of scalars © = (2 Jrer, set

1/p
(Z P w(k)f’) . 0<p<oo,

kel
sup |z| w(k), p= o0,
kel

lzllpw =

and define the weighted £P space

m(1) = {z:|al, <o}
Show that ££,(I) is a Banach space for each 1 <p < oc.

A.8. (a) Show that if 0 < 6 < 1, then t® < §t (1 —6) for £ > 0, with equality
ifand only if ¢t = 1.

(b} Suppose that a, b > 0. Apply part (a) with ¢ = aPb~ ? and #=1/pto
show that ab < aP /p + b¥ /9, with equality if and only if b = =1

A.9. Show that equality holds in I5lder’s Inequality (Theorem A.17) if and
only if there exist scalars «, 8, not both zero, such that « jzi|? = 8 |ykEP for
cach k€ 1.

A.10. Show that if 0 < p < 1 and I contains at least two elements, then the

unit ball in £7(I} is not convex. C l g E 2 Z
one
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