B

Lebesgue Measure and Integral

In this text, two basic types of measures make an appearance. The first is
Lebesgue measure on R (and sometimes on R? or R%), which is used through-
out the text. The second is the class of signed or complex Borel measures on
R, which mostly is restricted to Chapter ??7. Although Lebesgue measure is
a special case of an unbounded Borel measure, its role in this volume is so
fundamental that we choose to review the theory of Lebesgue measure and
Lebesgue integration in this appendix, and separately review general Borel
measures in Appendix D.

A recommended reference for Lebesgue measure and integration is the text
by Wheeden and Zygmund [WZ77].

B.1 Lebesgue Measure

We begin with the familiar notion of the volume of a rectangular box in R?,
which for simplicity we refer to as a “cube.”

Definition B.1. A cube in R? is a set of the form
d
Q = [al,bl]X"' ad;bd H alv ’L
i=1
The volume of this cube is

vol(Q) = (b1 —a1) - (ba — aq)

m&

z:l

We extend the notion of volume to arbitrary sets by covering them with
countably many cubes in all possible ways.

Definition B.2. The exterior Lebesque measure or outer Lebesque measure
of aset E C R? is
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Bl = inf{>" vol(Qx) }
k

where the infimum is taken over all all finite or countable collections of cubes
Qr such that E C |, Q.

Thus, every subset of R? has a uniquely defined exterior measure, which
lies in the range 0 < |E|. < oc.

It is not trivial, but it is true that the exterior measure of a cube is its
volume.

Theorem B.3. (a) If Q is a cube in R? then |Q|. = vol(Q).
() If Q1,...,Qyn are disjoint cubes in R?, then

U Qi =3 vouaw.
k=1 ¢ k=1

Some basic properties of exterior measure are given in the next exercise.

Exercise B.4. (a) Monotonicity: If E C F C RY, then |E|. < |F|..

ubadditivity: L C or £ € N, then < kle-
b) Subadditivi If F R¢ for k € N, th E E
k=1 7¢

The next result states that every set E can be surrounded by an open
set U whose exterior measure is only ¢ larger than that of E (by monotonicity
we of course have |El, < |Ule).

Theorem B.5. If E C R? and € > 0, then there exists an open set U DO E
such that
|Ele < [Ule < |E|e+e,

and hence

|E|. = int{|Ul|,:U open, U D E}. (B.1)

Proof. If |E|. = o0, take U = R%. Otherwise, if | E|. < oo, then by definition of
exterior measures, there exist cubes Qj, such that £ C UQy and > vol(Qy) <
|E| + 5. Let Qf be a larger cube that contains @ in its interior, and such
that vol(Q}) < vol(Q) + 2% e. Let U be the union of the interiors of the
cubes ;. Then E C U, U is open, and

Ul < ijvol(Qz) < Dovol(@) + 5 < |E[+e O

k

Since E and U\F are disjoint and their union is U, we might expect that
the sum of their exterior measures is the exterior measure of U. Unfortunately,
this is false in general (although the Axiom of Choice is required to construct
a counterexample). Consequently, the fact that |U|. < |F|.+¢ does not imply
that [U\E|. < ¢! The “well-behaved” sets for which this is true are said to be
measurable.
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Definition B.6. A set E C R? is Lebesgue measurable, or simply measurable,
if
Ve >0, Jopen U D E such that |[U\E|, <e.

If E is Lebesgue measurable, then its Lebesgue measure is |E| = |E|.. We set
L = {E CR?: E is Lebesgue measurable}.
Exercise B.7. Show that if |E|. = 0, then E € L.

Consequently, if |E|. = 0, then not only is F measurable, but every subset
of E is measurable. In the language of abstract measure theory, the measure
space (R, L, | -|) is said to be complete.

The following results summarize the properties of measurable sets.

Theorem B.8. (a) £ is a o-algebra of subsets of R%. That is:
i.0, Rée L.
ii. IfEl,EQ, Lo € ;C, then UEy € L.
iii. If £ € L, then R\E € L.

(b) Every open and every closed set belongs to L.

Note that since £ is closed under complements and countable unions,
it follows that it is closed under countable intersections as well, i.e., if
FEq1,FEs,--- € L, then ﬂkEk eL.

Theorem B.9. Let E and Ey, for k € N be measurable subsets of R?.

a) Subadditivity: |UE,| < 3 |Ej|.

b) Additivity: If By, Es, ... are disjoint, then |UEy| =3 |Ex|.

(¢c) If E1 C Ey and |E3| < oo, then |E1\Es| = |E1| — | E2|.

(d) Continuity from above: If By C E5 C -+, then ’UEk} = limg 00 | Ek|-
)

(e) Continuity from below: If F1 D Fy O --- and |E1| < oo, then |ﬂEk‘ =
limk_,oo |Ek|

(f) Translation Invariance: If h € R?, then |E + h| = |E|, where E + h =
{r+h:z€E}.

(g) If T: RY — R? is linear, then |T(E)| = |det(T)| | E|.

(
(

Next we give some equivalent formulations of measurability.
Definition B.10. The inner Lebesgue measure of a set B C R? is
|E|; = sup{|F|: F closed, F C E}.

Compare inner measure to the equivalent form of exterior measure given
in equation (B.1).

Theorem B.11. Given E C RY, the following statements are equivalent.



38 B Lebesgue Measure and Integral

(a) E is Lebesgue measurable.
(b) Carathéodory’s criterion: VA C R4, |Al. = |[ANE|. + |A\E|.
If |Ele < 00, then these are also equivelent to the following statement.

(©) [Ele = |El:.

Note that while our original definition of Lebesgue measurability, Defini-
tion B.6, was formulated in terms of the existence of surrounding open sets,
the Carathéodory criterion does not depend on any topological notions. As
such, the Carathéodory criterion is the appropriate definition to use to gen-
eralize measurability to abstract settings.

We end this section with some terminology. A property which holds except
possibly on a set of exterior measure zero is said to hold almost everywhere,
abbreviated a.e. For example, Problem B.1 below shows that |C|. = 0, where
C is the Cantor middle-thirds set, and hence the characteristic function of C
is zero a.e. In other words, X¢ = 0 a.e.

Following is an important example of a property that holds a.e.

Definition B.12 (Essential Supremum). The essential supremum of a
function f: E — [—o00, 0] is

esssup f(z) = inf{M: f(z) < M a.e.}.
z€E

Thus, if M = esssup,cp f(z), then f(z) < M a.e. In particular, if
esssup,ep | f(z)] =0, then f =0 a.e.

Additional Problems

B.1. Show that if E C R is countable, then |E|. = 0. Show that the Cantor
middle-thirds set C' is an uncountable subset of [0, 1] which satisfies |C|. = 0.

B.2. Show that if £ C R? and |E|. = 0, then E is measurable.

Definition B.13. A subset H C R? is a Gs-set if there exist finitely or count-
ably many open sets Uy, such that H = NUy.

A subset H C R? is an F,-set if there exist finitely or countably many
closed sets F} such that H = UF},.

B.3. Show that if £ C R?, then there exists a Gg-set H O E such that
|Ele = [H].

B.4. Let E C R? be given. Show that the following statements are equivalent.
(a) E is Lebesgue measurable.

(b) For every € > 0, there exists a closed set F' C E such that |F\F|. < e.
(¢c) E = H\Z where H is a Gs-set and |Z| = 0.

(d) E = HU Z where H is an F,-set and |Z| = 0.
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B.2 The Lebesgue Integral

There are many equivalent definitions of the Lebesgue integral. We choose to
use the one that quantifies the idea that the integral of a nonnegative function
should be the area under the graph of the function. In Appendix D we review
the theory of abstract measures on R, and there our definition of the integral
will be based on the idea of approximating by step functions.

Definition B.14 (Region under the Graph). Let £ C R%, and let f be
an extended real-valued function on E, i.e., f: E — [0, c0].

(a) The graph of f is the set
I'(f,E) = {(z,f(z)) eR™ 1z € E, f(z) < o0}.

(b) The region under the graph of f is the set R(f, E) of all points (z,y) €
R with z € Eand 0 < y < f(x) if f(z) < oo,orz € Eand 0 <y < oo
if f(z) = oc.

The functions that we will integrate must be measurable in the following
sense.

Definition B.15 (Measurable Functions). Let E C R¢ be Lebesgue mea-
surable, and let f: E — [—00, 00] be given. Then f is a Lebesgue measurable
function, or simply a measurable function, if f~(a,00) = {x € R?: f(z) > o}
is a measurable subset of R? for each o € R.

We will always implicitly assume that the domain E of a measurable func-
tion is a measurable set.

Lemma B.16. If E C R? is measurable, then f: E — [0,00] is measurable if
and only if R(f, E) is a measurable subset of RI+1,

All continuous functions are measurable, but a measurable function need
not be continuous.

Exercise B.17. (a) Show that if f: R — [0, 00) is continuous then f is mea-
surable.

(b) Show that if |E| = 0, then f = Xg is a discontinuous function that is
measurable.

Lemma B.18. (a) If f, g: E — [—00,00] are Lebesque measurable, then so
are f+g and fg.

(b) If fn: E — [—00,00] are Lebesgue measurable for n € N, then so
are sup fy, inf f,, limsup f,,, and liminf f,,. Consequently, if f(z) =
lim,, oo fn(x) exists for each x, then f is measurable.
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Definition B.19 (Lebesgue Integral of a Nonnegative Function). If
f: R — [0,00] is a measurable function, then the Lebesgue integral of f over
E is the measure of the region under the graph of f as a subset of R4+!,

denoted
/f - /f(z)dz — |R(.B)|
E E

If E =R? then we write simply [ f or [ f(x)dz for the integral over R<.
Following are some basic properties of integrals of nonnegative functions.

Theorem B.20. Let E C R? be measurable, and let f, g: E — [0,00] be
measurable functions. Then the following statements hold.

(a) [p1=|E|

(b) If f < g, then [ f < [pg.

(¢c) If E1 C E5 are measurable, then fEl < sz f-

(d) If E1, Es, ... are disjoint measurable sets and E = UE}, then [, f =
2ok fEk f

@ [g(f+9)=[gf+ [p9-

(f) Tchebyshev’s Inequality: If a > 0, then {z € E: f(z) > o} < L [, f.

g) f=0 a.e. on E if and only if [, f =0.

h) If f =g a.e., then [, f = [4g.

Exercise B.21. Parts (b), (c), (d), (f), (g), and (h) of Theorem B.20 follow

directly from the definition of the integral and previous results. Prove these
parts.

(
(

On the other hand, parts (a) and (e) of Theorem B.20 are seemingly “ob-
vious” properties whose proofs are actually rather technical, given our choice
of definition of the integral (compare Exercise D.33 for abstract measures).

We define the integral of a general real-valued function by writing it as
a difference of two nonnegative functions, and a complex-valued function by
breaking into the real and imaginary parts.

Definition B.22 (Lebesgue Integral of a Real-Valued Function). Let
E C R? and a measurable extended real-valued function f: F — [—00, 0] be
given. Define

(@) = max{f(z), 0}, [ (x) = max{—f(z), 0},
and note that that
f=7Fr -7, lfl = f7+ 71

We define the Lebesgue integral of f on E to be
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Lr=[r=[r

as long as this does not have the form oo — co (in that case, the integral is
undefined).

Definition B.23 (Lebesgue Integral of a Complex-Valued Function).
Let E C R? and a complex-valued function f: E — C be given. We say that
f is measurable if both Re (f) and Im (f) are measurable. If [, Re(f) and
Sz Im (f) both exist, then the Lebesgue integral of f on E is

[r=[re+i [ mi

Exercise B.24. Given an extended real-valued or a complex-valued measur-
able function f, show that | g/ exists and is a finite scalar if and only if

fE|f|<oo.

Additional Problems

B.5. Given E C R¢, show that F is a measurable set if and only if X is a
measurable function.

B.6. Show that f: R? — R is measurable if and only if f~*(U) is measurable
for every open U C R.

B.7. Show that if f: R? — R is measurable and g: R — R is continuous, then
g o f is measurable. Conclude that |f|, 2, f*, f=, |f|P for p > 0, etc. are
measurable.

B.3 The LP Spaces

In this section we introduce an important class of Banach spaces.

Definition B.25 (Integrable Function). Let £ C R? be measurable. Then
a measurable function f on E (either extended real-valued or complex-valued)
is integrable on E if [, |f| < co.

Definition B.26. Let E C R¢ be measurable.

(a) If 0 < p < o0, then LP(FE) consists of all measurable functions f: E — C
such that |f|P is integrable, i.e.,

1/p
1l = ( / Ifl”) < .
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(b) For p = oo, the space L*°(FE) consists of all measurable functions f: E —
C such that |f] is essentially bounded, i.e.,

[flloc = esssup|f(z)] < oo.
z€E

Hoélder’s Inequality, given in Theorem A.18 for the ¢P spaces, also holds
for LP(FE).

Theorem B.27 (Holder’s Inequality). Let E C R be measurable. Given
1 <p < oo, and % + % =1, if f € LP(E) and g € LP (E), then then
fge€ LYE), and

1fglle < W f1lp lgllp-

For 1 < p < oo, this inequality s

L= ()" ()"

In Exercise A.19 we saw that the ¢P spaces are Banch spaces for p > 1. An
analogous result holds for LP(E), but the fact that [ |f|”? = 0 only implies
that f = 0 a.e. adds a technical complication. The triangle inequality on L?
is also called Minkowski’s Inequality.

Theorem B.28. If E C R? be measurable and 1 < p < oo, then || - |, is a
seminorm on LP(E).

The next exercise is the standard procedure for converting a seminorm to
a norm by forming equivalence classes.

Exercise B.29. Show that the relation f ~ g if f = g a.e. is an equivalence
relation on LP(E). Let f denote the equivalence class of f in LP(E) under
this relation, and set || f[|, = || f|[,- Show that this quantity is independent of

the choice of representative f. Let the quotient space ZAL;’(E) consist of all the

distinct equivalence classes of f € LP(FE), and show that LP(E) is a normed
space with respect to || - || ..

Typically we abuse notation and let the symbol f denote the equivalence
class f of all functions equal to f a.e., and we write LP(E) instead of LP(E).
In other words, we identify any two functions that are equal a.e. Ignoring the
distinction between a function and the equivalence class of functions that are
equal to it a.e. is not usually a problem, but on occasion care should be taken,
as when dealing with a continuous function.

Ezample B.30. Every function in C(R) is continuous and bounded. Therefore
we write Cp(R) C L°(R), but in doing so we are really identifying C3(R)
with its image in L°°(R) under the equivalence relation ~, i.e., if f € Cy(R)
then it determines an equivalence class of functions in L*°(R) that are equal
to it almost everywhere. Conversely, if we are given f € L*°(R) (really an
equivalence class of functions), then the statement f € C3(R) means that
there is a representative of this equivalence class that belongs to Cy(R).
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Exercise B.31. Show that if f € C,(R), then

esssup | f(x)| = sup|f(z)].
z€R zeR

Consequently, for continuous bounded functions, the uniform norm defined in

Definition A.21 coincides with the L®-norm defined above.

With these identifications, and similar ones for L?(E) when p < 1, we have
the following result.

Theorem B.32. Let E C R? be measurable.
(@) If 1 < p < oo, then || - || is a norm on LP(E), and LP(E) is a Banach

space with respect to this norm.

(b) If 0 < p < 1, then d(f,g) = |f — gllb is a metric on LP(E), and LP(E) is
complete with respect to this metric.
In the /P spaces, convergence in ¢ norm implies componentwise conver-

gence (see Problem A.4). The situation in L?(FE) is a little different — an
LP-convergent sequence need not converge pointwise.

Exercise B.33. Let 1 < p < oo be fixed. Give an example of continuous
functions f,, € LP?(R) such that f,, — 0 in LP-norm (i.e., | f — fallp — 0), but
fn(x) does not converge pointwise to zero as n — co. Give another example

in L?[0,1].

Fortunately, it is true that an LP-convergent sequence always has a subse-
quence that converges pointwise almost everywhere.

Theorem B.34. Let E C R? be measurable and choose 1 < p < oo. If fn,
feLP(E) and fn, — [ in LP-norm, then there exists a subsequence { fn, }ren
such that fp, (x) — f(x) for a.e. x € E.

The space L?(E) is special. As before, we consider elements of L?(E) to
be equivalence classes of functions that are equal almost everywhere.

Exercise B.35. If E C R is measurable, show that
() = [ fa)gfe) de

defines an inner product on L?(E), and L?(FE) is a Hilbert space with respect
to this inner product.

Additional Problems

B.8. Show that Co(R)\L'(R) # 0, and (L*(R) N Cy(R))\Co(R) # 0.

B.9. Show that if |[E| < oo and 1 < p < ¢ < oo, then LY(E) C LP(E).

B.10. Define e, (z) = €>™". Show that {e, }nez is an orthonormal sequence
in L£2)0,1].
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B.4 Convergence Theorems

If {fu}5%, is a sequence of measurable functions that converge pointwise
almost everywhere to a function f, then it need not be true that lim,,_. [ g fn
will converge to [ g [+ In this section we review several important theorems
related to this issue.

The following result is also known as the Beppo-Levi Theorem. We say that
a sequence of functions { f,, }nen is monotone increasing if f1(x) < fo(x) < ---
for all z. We write f,, /' f to denote that {f,}nen is monotone increasing
and f,,(z) — f(z) pointwise.

Theorem B.36 (Monotone Convergence Theorem). Let {f,}nen be a
sequence of measurable, nonnegative, and monotone increasing functions on a
measurable set E C R?, and define f(x) = lim, oo fn(2), i.e., fn / f. Then

lim [ f, = / f.

Proof. Note that R(f1,FE) C R(f2, E) C --- and that R(f, F) = UR(fn, E).
Theorem B.9(d) therefore implies that |R(fn, E)| converges to |R(f, E)|.

Since changing the value of a function on a set of zero measure does not
change the value of its integral, it sufficies to assume that the hypotheses in
the Monotone Convergence Theorem and the other theorems in this section
hold a.e. instead of everywhere.

Since the partial sums of a series of nonnegative functions form a mono-
tone increasing sequence, we obtain the following corollary regarding the in-
terchange of a sum and an integral.

Corollary B.37. Let { f, }nen be a sequence of measurable, nonnegative func-
tions on a measurable set E C R®, Then

JAPSEYED AL

If the functions f,, are nonnegative but are not monotone increasing, then
we may not be able to interchange a limit and an integral. However, the
following result states that if the functions f,, are all nonnegative, then we do
at least have a particular inequality.

Theorem B.38 (Fatou’s Lemma). If{f,}nen is a sequence of measurable,
nonnegative functions on measurable set E C R%, then

[, (imint o) < s .

The following result is an extremely useful convergence theorem.
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Theorem B.39 (Lebesgue Dominated Convergence Theorem). Let
{fu}nen is a sequence of measurable, nonnegative functions on measurable
set E CRY such that:

(a) f(z) =limy—oo fn () exists for a.e. x € E, and
(b) there exists g € LY(E) such that |fn(x)| < g(x) a.e. for every n.

Then f, converges to f in L'-norm, i.e.,
i |~ fulls = Jim [ 17~ ] = 0,
n—oo n—oo E
and, consequently,
lim fn = /f.

Additional Problems

B.11. Give examples showing that strict inequality can hold in Fatou’s
Lemma.

B.12. Prove the Monotone Convergence Theorem.
B.13. Prove Fatou’s Lemma.

B.14. Prove the Lebesgue Dominated Convergence Theorem.

B.5 Repeated Integration

Let E CR™ and y and F' C R™ be measurable. If f is a measurable function
on F x F' then there are three natural integrals of f on E x F. First, there is
the integral of f on E x F as a subset of R™*"™ which we write as the double

integral
; //EXFf = //Efo(%y)(dmdy).

Second, for each fixed y we can integrate f(z,y) as a function of z, and then
integrate the result in y, obtaining the iterated integral

/F</E |f(z,9)| dz> dy.

Third, we also have the iterated integral

L ([l .

It general these three integrals need not be equal, even if they all exist.

In this section we review Fubini’s and Tonelli’s Theorems, which give suf-
ficient conditions under which we can exchange the order of integration. First,
Tonelli’s Theorem states that interchange is allowed if f is nonnegative.
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Theorem B.40 (Tonelli’s Theorem). Let E be a measurable subset of R™
and F' a measurable subset of R™. If f: E x F — [0,00] is measurable, then
the following statements hold.

(a) fz(y) = f(z,y) is measurable on F for almost every x € E.
(

b) f ( ) = f(z,y) is measurable on E for almost every y € F.
(¢) g(x) = [ fo(y) dy is a measurable function on E.

(d) h(y) = [ fY(x)dx is a measurable function on F.

(e) We have

I, s~ ([ s} (] )

As a corollary, we obtain the useful fact that to test whether a given
function belongs to L'(E x F) we can simply show that any one of three
possible integrals is finite.

Corollary B.41. Let E be a measurable subset of R™ and F a measurable
subset of R™. If f is a measurable function on E X F, then

JL et = [ ([iseoia)a= [ ([ 1swpia) o

Consequently, if any one of these three integrals is finite, then f € L*(E x F).
Fubini’s Theorem allows the interchange of integrals if f is integrable.

Theorem B.42 (Fubini’s Theorem). Let E be a measurable subset of R™
and F a measurable subset of R™. If f € LY(E x F), then the following
statements hold.

(a) fz(y) = f(z,y) is measurable and integrable on F for almost every x € E.
(b) f ( ) = f(z,y) is measurable and integrable on E for almost everyy € F.
(¢) g(x) = [ fe(y) dy is a measurable and integrable function on E.

(d) h(y) = [ fY(x)dx is a measurable and integrable function on F.

(e) We have

[ s () [ o)

B.6 Functions of Bounded Variation



