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Hints for Exercises and Additional Problems

Exercises from Chapter 3

3.3 Let F={F CY: f~Y(F) € £x}, and show that F is a o-algebra on Y.
3.15 (a) < (b). Show that ¥ = {EF CR: ENR € Bg} is a o-algebra on R.

3.43 Prove the results for nonnegative functions first, and then write f =
ff=rf9=9"-9g".

Additional Problems from Chapter 3

3.2 Given an arbitrary a € R, find ax € A such that {f > a} = U{f > ax}.
3.3 For a counterexample, let N be a nonmeasurable subset of R and define
f:R—=Rby f(z)=zifz € N,and f(z) = —xifz ¢ N.

3.5 Consider Ey, = {f > k}.

3.7 Cousider f(z) =supy, |fx(z)| and E, = {f < k}.

3.10 Consider Problems 1.36 and 2.10.

3.12 Consider Fi(z,y) = f(z).

3.15 (b) Suppose that f is continuous at almost every point. Since the func-
tions g, = fX[_pn,n converge pointwise to f, it suffices to show that each
function g, is measurable. In other words, we can assume that f is zero out-
side of some finite interval [—n,n]. Show that there exist step functions

Ny
fo = > fah) Xizk_, ak)
j=1

that converge to f at almost every point.

¢) The function Xq 17 is continuous a.e. but does not equal any continuous
[0,1]
function a.e.

3.16 If fi(z) = k(f(x + 1) — f(x)), then fi(x) converges to f'(z) at each
point where f is differentiable.

3.20 (c) Proceed through cases. Case 1: f = g = 0 a.e. Case 2: g, = g for
every k. Case 3: Arbtrary fx, gk.

3.22 To prove the Triangle Inequality, first show that if a, b, ¢ > 0 and
a < b+ c, then
a b c

< .
14+a — 1+b+1+c




