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Hints for Exercises and Additional Problems

Additional Problems from Chapter 2

2.5 Let U denote the set of all open subsets of R. Any U ∈ U can be written
as U = ∪(ak, bk) ∈ Σ(E1), so U ⊆ Σ(E1). But Σ(U) is the smallest σ-algebra
that contains U , so BR = Σ(U) ⊆ Σ(E1).

(b) Given a < b,

[a, b] =
∞
⋂

k=1

(

a − 1

k
, b + 1

k

)

∈ Σ(E1).

Hence E2 ⊆ Σ(E1), so Σ(E2) ⊆ Σ(E1).

(f) Given a ∈ R,

[a,∞) =
⋂

r∈Q,r<a

(r,∞) ∈ Σ(E6).

2.7 If Σ contains infinitely many disjoint sets E1, E2, . . . then Σ must be
uncountable. One method of showing the existence of such sets is to define a
relation on X by declaring x ∼ y if and only if

∀A ∈ Σ, x ∈ A ⇔ y ∈ A.

Prove that ∼ is an equivalence relation, and show that if Σ is countable then
the equivalence classes [x] = ∩{A ∈ Σ : x ∈ A} all belong to Σ.

2.9 Let X = {xn}n∈N. Let ΣN consist of every set A ∈ P({x1, . . . , xN})
together with the complement of each such set A.

2.17 Write E = ∪En where En = {x ∈ X : µ{x} > 1

n
}. How many points

can be in En?

2.19 Define

C = sup{µ(F ) : F ∈ Σ, F ⊆ E, µ(F ) < ∞}.

If C < ∞ then there exist measurable sets Fk ⊆ E with finite measure such
that µ(Fk) → C. Consider the sets F = ∪Fk and A = E\F.


