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MATH 4318 HOMEWORK #2: SOLUTIONS DUE: April 21, 1999

Work the following problems and hand in your solutions. A subset of these will be selected
for grading.

1. (a) Use the definition

limsup z, = inf sup z,
n—00 m n>m

to prove carefully that

limsup (ap + b,) < limsup a, + limsup b,.
n—oo n—oo n—00

Hint: Give names to things, e.g., define u,, = sup a,, vy, = sup by, and w,, = sup (an + by).

n>m n>m n>m
Solution
In addition to the names above, define
w = inf s, yi=rimf v, w = inf wp,.
m m m

We want to show that w < u + v.
We proved in the section on suprema that

Wm = sup(a, +b,) < supa, + sup b, = U + V.
n>m n>m n=m
Further, w is the inf of all the w,,, so we know that w < w,, for every m. Hence w < up, + v,
for every m.
Let € > 0 be given. Since the inf of the u,, is u, there exists some k such that up < u+ €.
Since the u,, are decreasing, we conclude that u,, < ux < u-+¢ for all m > k. Similarly, there
exists some £ such that v, <wvp <v+eforallm > £ Let j = max {k, £}. Then for m > j we

have BOTH u,, < u+ ¢ and v,,, < v + ¢. Therefore, for m > j,
W S Up+Vy, < (ute)+(v+e) = u+v+ 2.

Since this is true for EVERY & > 0, we conclude that w < u+v. O

(b) Either prove that the inequality in part (a) is an equality, or find a counterexample.

Solution
Let (an) = (1,-1,1,-1,1,-1,...) and (b,) = (=1,1,-1,1,-1,...). Then (a + b,) =
(0,0,0,...), so

limsup (an +b,) = 0 < 2 =141 = limsupa, + limsupb,. O
n—oo n—0c0 Nn—00

1
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