
MATH 4317 (C. Heil) EXTRA CREDIT HOMEWORK Due: July 17, 2007

For up to 2 points extra credit each, work the following problems. You may work together
with other people in the class, but you must each write up your solutions independently. A
subset of these will be selected for grading. Write LEGIBLY on the FRONT side of the page
only, and STAPLE your pages together.

1. Prove the following statements. Note that the parts of this problem are not related to
each other.

a. Let K be a compact subset of R
p, and let r > 0 be fixed. Prove directly from the

definition of compact set that there exist finitely many points x1, . . . , xN ∈ K such that

∀ y ∈ K, ∃n ∈ {1, . . . , N} such that ‖y − xn‖ < r.

Hint: Consider balls Br(x) with x ∈ K.

b. For each n ∈ N, define a function fn : R → R by

fn(x) =

{

1, n < x < n + 1,

0, x ≤ n or x ≥ n + 1.

Show that fn converges pointwise to the zero function on R, but that fn does not converge
uniformly to the zero function.

c. Let

xn =
1

2
+

1

2 · 22
+ · · · +

1

n · 2n
.

Prove directly from the definition that (xn)n∈N is a Cauchy sequence in R.
Remark: You can use without proof, if you like, the fact that

∑

∞

k=m+1

1

2k = 1

2m .

2. Let S = {sn : n ∈ N} be a set of strictly positive real numbers such that inf(S) = 0. Let
A ⊂ R

p. Suppose that x ∈ R
p is such that for each n ∈ N there exists a point yn ∈ A \ {x}

such that ‖x−yn‖ < sn. Prove directly from the definition of cluster point that x is a cluster
point of A.

Note: The definition of cluster point is as follows: We say that x is a cluster point of A if
for every neighborhood N of x there exists a point y ∈ A ∩ N with y 6= x.

3. Let (xn)n∈N be a sequence of real numbers with xn > 0 for every n. Show that if

lim (x
1/n
n ) > 1, then (xn)n∈N is not convergent.

Hint: Show that it is not a bounded sequence.
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4. Suppose that for each n ∈ N we are given a piecewise continuous function fn : [0, 1] →
R, and another piecewise continuous function f : [0, 1] → R. Show that if fn → f uniformly,
then

sup
n∈N

‖fn‖∞ < ∞.

Will it also be true that sup ‖fn‖1 < ∞?

5. Let A be any subset of R
p. Let A− be the closure of A and let ∂A be the boundary of

A. Prove that
A− = A ∪ ∂A.

Hint: Prove that A ∪ ∂A is closed.


